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Funciones holomorfas de tipo acotado e ideales de
polinomios homogéneos en espacios de Banach

Definimos el concepto de sucesion coherente de ideales de polinomios en espacios de Banach,
que nos permite relacionar ideales de polinomios homogéneos de diferentes grados. A cada sucesion
coherente 2, podemos asociarle un espacio de Fréchet de funciones enteras de tipo acotado, Hpsg.
Extendemos a Hpg un resultado de Godefroy y Shapiro sobre hiperciclicidad de operadores de
convolucién.

También estudiamos el concepto de sucesién multiplicativa de ideales de polinomios a valores
escalares. Esto nos permite asociar un algebra de funciones enteras de tipo acotado Hyg a cada
sucesion coherente y multiplicativa de ideales de polinomios, 2. Probamos que, bajo ciertas condi-
ciones naturales, el espectro del algebra asociada, Mpyg, puede ser dotado de una estructura de
dominio de Riemann sobre el bidual del espacio de Banach. Ademés la extension de cada funcién
de Hpgy al espectro es una funcién 2A-holomorfa de tipo acotado en cada componente conexa.

Investigamos cémo definir dlgebras de funciones holomorfas asociadas a sucesiones de ideales
de polinomios en abiertos arbitrarios de un espacio de Banach. Como aplicacién probamos que el
algebra de funciones holomorfas nucleares de tipo acotado en un conjunto abierto es un algebra de
Fréchet localmente m-convexa.

Para el dlgebra de funciones de tipo acotado, caracterizamos la envoltura holomorfa en término
del espectro. Las evaluaciones en puntos de la envoltura son siempre continuas, pero mostramos un
ejemplo de un abierto balanceado de ¢y en el que las extensiones a la envoltura no son necesariamente
de tipo acotado, respondiendo una pregunta hecha por Hirschowitz. Probamos que para abiertos
balanceados y acotados, las extensiones a la envoltura son de tipo acotado.

Palabras clave: Ideales de polinomios, funciones holomorfas de tipo acotado, operadores hiper-
ciclicos, operadores de convolucion, envolturas holomorfas, dominios de Riemann.






Holomorphic functions of bounded type and ideals of
homogeneous polynomials on Banach spaces

We define the concept of coherent sequence of polynomial ideals on Banach spaces, which allows
to relate ideals of homogeneous polynomials of different degrees. To each coherent sequence 2, we
can associate a Fréchet space of entire mappings of bounded type, Hpgy. We extend to Hpg a result
of Godefroy and Shapiro about hypercyclicity of convolution operators.

We also consider the concept of multiplicative sequence of scalar valued polynomial ideals.
This allows us to associate an algebra of entire functions of bounded type Hpg to each coherent and
multiplicative sequence of polynomial ideals 2. We prove that, under some natural conditions, the
spectrum of the associated algebra, Mg, can be endowed with a structure of Riemann domain over
the bidual of the Banach space. Moreover, the extension of each function in Hpg to the spectrum
is an A-holomorphic function of bounded type in each connected component.

We investigate how to define algebras of holomorphic functions associated to sequences of poly-
nomial ideals on arbitrary open sets of a Banach space. As an application we show that the algebra
of nuclearly holomorphic functions of bounded type on an open set is a locally m-convex Fréchet
algebra.

For the algebra of all bounded type functions, we characterize the envelope of holomorphy
in terms of the spectrum of the algebra. The evaluations at points of the envelope are always
continuous, but we show an example of a balanced open subset of ¢y where the extensions to the
envelope are not necessarily of bounded type, answering a question posed by Hirschowitz in 1972.
We show that for bounded balanced sets, the extensions to the envelope are of bounded type.

Keywords: Polynomial ideals, holomorphic functions of bounded type, hypercyclic operators,
convolution operators, envelopes of holomorphy, Riemann domains.
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Introduction

In [Grob5], Grothendieck investigated different classes of linear operators, such as nuclear, integral
or absolutely summing operators, which played a key role in the development of modern Banach
space theory. The investigations of Grothendieck awoke the interest in the possible translation of the
classical theory of operators ideals on Hilbert spaces to the Banach space framework. This became
a very fruitful area of research, as it can be see, for example, in the monographs [Pie80, DF93].
It should not be a surprise that, in the nonlinear setting, important classes of mappings come
out naturally in the same spirit. Indeed, generalizations of the typical classes of linear operator
were defined for multilinear mappings and homogeneous polynomials. Let us recall that a function
P on a Banach space F is a k-homogeneous polynomial if there exists a k-linear mapping A
on E X -+ x E such that P(z) = A(z,...,x) for every x € E. In some sense, the theory of
homogeneous polynomials and multilinear mappings may be seen as an extension of the linear
theory. In [Pie84], Pietsch took the first step towards a theory of multilinear operator ideals. This
notion was immediately adapted to define ideals of homogeneous polynomials, for example, by
Braunss in his thesis [Bra84] or Hollstein in [Hol86].

On the other hand, in the sixties the theory of holomorphic functions on infinite dimensional
spaces started to develop into a field in its own right. Gupta, in his thesis [Gup68], was interested
on differential and convolution operators on spaces of holomorphic functions and needed to define
nuclear polynomials and holomorphic functions, which were since then intensively studied. Aware
of the importance of having a theory which include as particular cases several classes of holomorphic
functions (he was mostly interested in the spaces of continuous holomorphic functions and of nuclear
holomorphic functions), Nachbin defined holomorphy types (see [Nac69]). A holomorphic function
on a Banach space F is, locally, an infinite sum of homogeneous polynomials on F, its Taylor series
expansion. Holomorphy types determine spaces of holomorphic functions whose derivatives pertain
to a certain class of polynomials Py (where 6 could make reference, for example, to the compact,
nuclear or continuous polynomials) and satisfy certain growth conditions relative to the underlying
spaces of homogeneous polynomials Py. Shortly after the definition of holomorphy types, several
new examples emerged, as the integral [Din71a] or Hilbert-Schmidt [Dwy71] types.

As far as we know, in every example of holomorphy type which appears in the literature, the
spaces Py of polynomials may be thought of as polynomial ideals. Thus, one of the aims of this
work is to define a variant of the concept of holomorphy type which is more closely related to
the theory of polynomial ideals. After that, we study different classes of holomorphic functions
of bounded type on Banach spaces, associated to sequences polynomial ideals. Examples of such
spaces of holomorphic functions were already constructed (Lo factorable operators in [Hol86],
p-Schatten operators in [Bra92, BJ90]). Also, different authors studied the relationship between
holomorphy types and sequences of polynomial ideals with certain properties. For example, it was
shown in [Hol86] that a sequence of polynomial ideals constructed via factorization through an
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2 INTRODUCTION

ideal of operators is a holomorphy type, and in [BBJP06] the authors proved that if a sequence
of ideals has the so called “property B”, which is related with stability under differentiation, then
it is a holomorphy type and gave some conditions for the converse implication. As we will see,
differentiation and multiplication by powers of linear functionals are intrinsic operations for the
polynomial ideal structures. Moreover, they are, in some sense, dual to each other, a fact that will
be relevant to our study of adjoint polynomial ideals.

We start by relating a linear operator ideal with ideals of homogeneous polynomials of a fixed
degree n > 1. Many of the well known polynomial ideals can be considered as the n-homogeneous
analogous to some operator ideal. This is the case, for example, of the ideals of nuclear, integral
or compact polynomials. However, the extension of a linear operator ideal to higher degrees is not
always obvious. For example, many extensions of the ideal of absolutely r-summing operators have
been developed, among them, the absolutely, the multiple and the strongly r-summing polynomials
and the r-dominated polynomials.

In order to shed some light on what makes a particular n-homogeneous extension of an operator
ideal natural, we introduce the concept of compatibility between a polynomial ideal and an operator
ideal. An n-homogeneous polynomial ideal 2,, and an operator ideal 2 turn out to be compatible
if any time we take a polynomial P € 2, and we fix n — 1 variables of its associated n-linear map,
the resulting operator is in 2 and if every operator in 2l multiplied by n — 1 linear functionals is a
polynomial in 2,,. Note that the operation of fixing variables to the n-linear map is analogous to
differentiating P. Compatibility relates each polynomial ideal with one operator ideal; that is, it
is proved that a Banach ideal of n-homogeneous polynomials is compatible with one and only one
Banach ideal of operators. Most (but not all) ideals of polynomials usually studied are shown to
be compatible with the ideal of operators one would expect. On the other hand, given an ideal of
operators 2, there are many polynomial ideals compatible with it. Indeed, there is a greatest and
a smallest polynomial ideal compatible with 2, which are always different as polynomial ideals. It
is also shown that compatibility is preserved under several natural ideal operations, such as taking
adjoints, maximal or minimal hulls and composing with some operator ideal.

The polynomial extension of an operator ideal 2 usually gives rise to a sequence of polynomial
ideals A = {y }x, each A an ideal of k-homogeneous polynomials. Therefore, it is also interesting
to study the relationship between different 2A;’s. To this end, the concept of coherence of a sequence
of polynomial ideals is also introduced. A coherent sequence 2l allow us to define a space of entire
mappings of bounded type Hpg associated to 2. As particular cases of the spaces Hpg we have
the classical space of all continuous holomorphic functions of bounded type Hp, and the spaces
of holomorphic functions of nuclear [Gup70], weakly continuous on bounded sets [Aro79], integral
[DGMZ04] or Hilbert-Schmidt [Dwy71, PetO1] bounded type, among others. In these spaces we will
address questions about the Borel transforms and duality. Whenever the ideals of the sequence are
minimal we will describe the dual of Hpg as a space of holomorphic functions of exponential type.
This will allow us to characterize convolution operators and to prove that they are hypercyclic
whenever they are not a scalar multiple of identity, extending a theorem of Godefroy and Shapiro
[GS91]. Most of the spaces of holomorphic functions mentioned are in fact algebras, so it is also
interesting to investigate when the spaces Hpg are algebras. With this goal in mind, we define
multiplicative sequences as an extension of the concept of coherence. If a coherent sequence is also
multiplicative, Hpg becomes an algebra, and, in those cases we will study its spectrum. In many
cases, it is shown that the spectrum has a structure of analytic manifold (modeled on the bidual
of the base space), and that the functions in Hpg extend analytically to it.
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Finally, we concentrate in the algebra of all analytic functions of bounded type on a general
domain U. We focus on the problem of finding the largest open set to which all those functions
uniquely extend and to determine whether these extensions are of bounded type. As it could
be expected, to properly pose and study the problem, we must expand our investigations to the
Riemann domains framework. Loosely speaking, if X is a Riemann domain over the Banach space
E, the Hp-envelope of holomorphy of X is the largest Riemann domain (over E) “containing X
to which every holomorphic function of bounded type on X has a unique extension. Our problem
translates, then, to the characterization of the Hjy-envelope of holomorphy of a Riemann domain
modeled on a Banach space E. In several complex variables it is well known that the envelope of
holomorphy of a domain X is the spectrum of the algebra of holomorphic functions on X, H(X).
The envelope of holomorphy for the space of all holomorphic functions on a Riemann domain over
a Banach space was first constructed by Hirschowitz [Hir72] using germs of holomorphic functions.
There he also showed that this construction could be adapted to obtain the Hp-envelope, that
is, the envelope of holomorphy for the space of bounded type functions. He also asked wether
the extensions to the Hp-envelope should necessarily be of bounded type or not. We will answer
this question by the negative. To obtain this answer we need to characterize the Hp-envelope of
holomorphy of X in terms of the spectrum of Hy(X). Under the hypothesis of symmetric regularity,
the spectrum was shown in [AGGM96, DV04] to be a Riemann domain over the bidual of the base
space F. Thus, in general, the spectrum cannot be the Hp-envelope of holomorphy of X. Even
in the case that F is reflexive, the spectrum is usually too large to be the Hy-envelope of X. For
example, in the case X = F, the spectrum may have an infinite number of connected components.
Still, it is proved that the Hp-envelope may be identified with a part of the spectrum, and this
is achieved without the assumption of symmetric regularity of E. We can then obtain a simpler
characterization of the Hy-envelope for a balanced open subset U, in terms of its polynomial hull
and to prove that if U is also bounded then the extensions of bounded type functions on U to
the Hp-envelope of U are of bounded type. However, we will show an example of an unbounded
balanced open set U and a bounded type function on U, such that its extension to the Hy-envelope
of U is not of bounded type.

We now describe the contents of each chapter of this thesis.

Chapter 1: Preliminaries

In the first chapter, we define the basic concepts and describe some properties about polynomials,
polynomial ideals, tensor norms and holomorphic mappings on Banach spaces which we will need
in the rest of this work.

Chapter 2: Compatible ideals

In this chapter we define the compatibility of a quasi-normed ideal of homogeneous polynomials
and a quasi-normed ideal of linear operators. Most examples of polynomials ideals where defined
as generalizations of an ideal of linear operators and, in almost every case, they are compatible
with that ideal of operators. For instance, the ideals of n-homogeneous nuclear, integral, extendible
or approximable polynomials are compatible with the correspondent ideal of operators. However,
the ideal of absolutely p-summing polynomials is not compatible with the ideal of absolutely p-
summing operators. This fact has the following consequence: if n > 2, then every absolutely
summing n-homogeneous polynomial from F to E is weakly compact if and only if E is reflexive
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(Corollary 2.1.25). In contrast, in the linear case, it is well known that every absolutely summing
linear operator on a Banach space E is weakly compact.

It is shown that there are many polynomial ideals compatible with a given operator ideal 2.
Moreover an n-homogeneous polynomial ideal 2, is compatible with 2 if and only if ]-'2[ — A, —
M2, where F2 and M2 are, respectively, the smallest and the greatest ideal of n-homogeneous
polynomials compatible with 2 (Section 2.2). In the following sections the compatibility is shown
to be preserved by several procedures usually performed with ideals. It is proved that:

e If we compose compatible ideals with closed operator ideals, we obtain compatible ideals
(Proposition 2.3.1).

e The interpolation of compatible ideals gives compatible ideals (Proposition 2.4.3).

e If 2l and 2, are compatible, so are their adjoints ideals (Proposition 2.6.1) and their maximal
and minimal hulls (Corollaries 2.6.3 and 2.6.2).

The theory of polynomial and operators ideals is closely related to the theory of tensor products
of Banach spaces. So we also investigate which are the conditions which relate the tensor norms
associated to compatible ideals. The concept of compatibility helps us to prove a conjecture of
Floret and Hunfeld [FH02] about the existence of certain mixed tensor norms. This is contained
in Section 2.5.

In the last section we show that compatibility may be applied to obtain some polynomial
characterizations of Banach spaces. For example, the compatibility may be used to prove that a
Banach space E' is Asplund if and only if every Pietsch integral polynomial on F is nuclear (this
result was originally proven in [CG04], see Corollary 2.7.3).

Chapter 3: Coherent sequences and holomorphic mappings

We define the concept of coherent sequence of polynomial ideals. This is an adaptation of the
concept of compatibility in order to relate polynomial ideals of different degrees. Indeed, {2;}7°
is a coherent sequence if for every P € (E,F), a € E and v € E’, the polynomial d*~!P(a) is in
A,_1(E, F) and the polynomial P belongs to Ax.1(F, F). In addition, there is a condition that
control the norms of dk‘*lP(a) and «vP. Moreover, since the only scalar ideal of linear operators is
E’, compatibility is a trivial concept in the scalar case. But there are many interesting examples
of coherent sequences of scalar valued ideals.

The chapter is divided in two sections. In the first one, we give examples of coherent sequences,
we show that coherence is preserved by several operations of the ideals and we relate the coherence
of a sequence with properties of the associated tensor norms. Many of these properties and examples
are similar to the ones given in the previous chapter, and are thus shown only once.

In the second section, given a coherent sequence 2 = {2}, we define a Fréchet space of
holomorphic functions of bounded type Hpg associated to it. A holomorphic function f is in
Hyy(E, F) if the polynomials of the Taylor series of f at 0 belong to the ;’s and the series has an
infinite “QA-radius of convergence”. Several spaces of holomorphic functions that were previously
studied are particular cases of the spaces of functions we define. For example, bounded type
holomorphic functions of nuclear, Hilbert-Schmidt or integral type.

Given f € Hy(E) and ¢ € Hy(E)" the product ¢ * f € Hy(E) is defined in [ACGI1] by
ox* f(x) = p(f(z+-)). For the spaces Hpg it is shown that:
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e Under the additional assumption of weakly differentiability (Definition 3.2.15) of the coherent
sequence 2, the application T, (f) = ¢ * f is continuous in Hyy(E) (Theorem 3.2.17).

e Any convolution operator in Hyy(FE), that is, an operator which commutes with translations,
is of the form T, for some ¢ € Hyy(E)" (Corollary 3.2.18).

We also prove that most of the examples of coherent sequences are weakly differentiable.

The Borel transform for a space A;(E) of k-homogeneous polynomials is the mapping By :
A(E) — PF(E'), defined by Br(¢)(7) = ¢(7*). In many cases, the dual of a space of polyno-
mials may be identified, through the Borel transform, with another space of polynomials. This
is the case of nuclear, approximable, Hilbert-Schmidt polynomials and, in general, any minimal
ideal of polynomials. In these cases, we characterize the dual of Hyy(FE) as a space of exponential
type holomorphic functions on E’. This is applied to obtain the following generalization to infi-
nite dimensional spaces of a theorem of Godefroy and Shapiro [GS91] about the hypercyclicity of
convolution operators on H(C"):

e If £’ is separable and {By(E’)}x is a coherent sequence and {2, (E)}y is such that A (E) =
B (E') for every k, then every convolution operator T' : Hyy(FE) — Hpg(E) which is not a
scalar multiple of the identity is hypercyclic (Theorem 3.2.39).

Some results of [AB99, Pet01, Pet06] are particular cases of the above theorem.

We also introduce the space of Schatten-von Neumann bounded type functions using interpola-
tion theory (based on prior work in [CKP92] on multilinear forms), and show that the above result
may be applied to that space.

At the end of this chapter, we show how bounded type functions associated to a coherent
sequence may be defined on balls and more general domains of Banach spaces.

Chapter 4: Multiplicative sequences and algebras of holomorphic functions

In this chapter we are interested in algebras of holomorphic functions of bounded type associated
to sequences of polynomial ideals. It is an immediate consequence of the definition that if 2 is a
coherent sequence then the product of a polynomial in 2l and some power of a linear functional is
again in 2. However, the product of two polynomials in 2( is not necessarily in 2 (see Example 4.1.1).
We thus introduce multiplicative sequences of polynomial ideals, which are both coherent and closed
under products of polynomials. When 2 is a multiplicative sequence, then Hyg(FE) becomes a By-
algebra. In the final section of this chapter we will show that several examples are actually locally
multiplicatively convex Fréchet algebras. Almost every example of coherent sequence considered so
far is also multiplicative. Moreover, multiplicativity is preserved by interpolation of ideals, taking
maximal and minimal hulls and composition with closed ideals of operators. Multiplicativity is
not preserved by taking adjoints. To obtain the multiplicativity of the adjoint sequence, we should
have a property “dual” to being closed under multiplication of polynomials. At first sight, it is not
clear what this property should be. Surprisingly, weakly differentiability, which was defined in the
previous chapter to deal with convolution operators, is the desired property. Indeed, if a sequence
of polynomial ideals is weakly differentiable, then the sequence of adjoints ideals is multiplicative
(Proposition 4.1.17). The converse is true if we have density of finite type polynomials. We also
relate the multiplicativity condition with properties of the associated tensor norms, and we show
that polynomial ideals associated to natural symmetric tensor norms (in the sense of [CGd]) are
multiplicative.



6 INTRODUCTION

In the second section we use multiplicativity to obtain another characterization of convolution
operators on Hpg.

In the third section we study the spectrum Mg (E) of the algebra Hpg(E). It is shown in
[AGGMI6] that whenever E is symmetrically regular the spectrum of Hy(E) (the algebra of all
holomorphic functions of bounded type) is a Riemann domain spread over the bidual E” (actually
they show this fact for functions defined on arbitrary open sets of E). Moreover, in [Din99, Section
6.3] it is proved that the extensions to each connected component of the spectrum may be considered
a function of bounded type. We establish those results for 2l-entire functions of bounded type, for
several multiplicative sequences 2. As in the case of Hy, the Aron-Berner extension plays a crucial
role there. So we begin by studying when a sequence is closed under the Aron-Berner extension
(or AB-closed). Symmetric regularity was used in [AGGMO96] to obtain symmetric Aron-Berner
extensions of multilinear forms. But most sequences of ideals of polynomials (different to {P*})
are regular, that is, the multilinear forms associated to polynomials have symmetric Aron-Berner
extensions. Thus, the assumption of symmetric regularity on the space is not necessary for most
of our results:

e Let 2 be an AB-closed multiplicative sequence which is regular at a Banach space E. Then
(Myy(E),7) is a Riemann domain over E” and each connected component of (Myy(E), ) is
homeomorphic to E” (Theorem 4.3.14).

e If 2 is also weakly differentiable at F, then, for every function f € Hpy(FE), the extension
f to Myy(E) results an 2-holomorphic function of bounded type when restricted to each
connected component of Mygy(E) (Theorem 4.3.19).

These results may be applied for example when 2l is the sequence of integral or extendible polynomi-
als, or the maximal ideals associated to natural tensor norms. Finally, we address a Banach-Stone
type question on these algebras: if Hyg(E) and Hpm(F') are (topologically and algebraically) iso-
morphic, what can we say about F and F'7 We obtain results in this direction which allow us to
show, for example, that if F or F' is reflexive and 2 and B are any of the sequences of nuclear,
integral, approximable or extendible polynomials, then if Hyg(E) is isomorphic to Hyy(F') it follows
that E and F' are isomorphic.

In the last section, we investigate conditions of the sequence of ideals 2 under which the spaces
Hy(U) of A-holomorphic functions of bounded type on an open set are an algebra. To achieve
this, we need to seek for better bounds on the norms of products of homogeneous polynomials in
the ideals 2(;,. The obtained bounds will allow us to show that in several cases the spaces Hyg are
locally m-convex algebras.

Chapter 5: Envelopes of holomorphy

In this last chapter the algebra Hp of bounded type holomorphic functions on general domains is
studied in more detail. We consider the problem of extending holomorphic functions of bounded
type defined on an open subset U of a Banach space, to larger domains and determining if these
extensions are also of bounded type.

In the first section we study the Hp-envelope of holomorphy of a Riemann domain. We also
consider two alternative definitions of the envelope: the first one requires that extensions be also of
bounded type (we call it the Hy-Hjp-envelope). The second one requires that evaluations on points
of the envelope be continuous functionals on Hy(X) (we call this one the strong Hj-envelope).
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Although the spectrum is known to have an analytic structure only in the symmetrically regular
case, we are able to give a characterization of the strong Hjy-envelope of holomorphy of X as a
subset of the spectrum M;(X), much in the spirit of the several complex variables theory, for
domains over arbitrary Banach spaces. We show that the Hp-envelope and the strong Hp-envelope
coincide (Theorem 5.1.7), and that whenever the Hy- Hp-envelope exists, it must also coincide with
the classical Hy-envelope (Theorem 5.1.11).

In the second section we study extensions of holomorphic functions of bounded type on an open
subset of E. We give a precise description of the Hp-envelope of a balanced open set U, which turns
out to be a (possibly larger) open subset of E. We prove some good properties of the extensions
of functions of Hy(U) to the envelope. In particular, we show:

e Let U be a bounded balanced open set and f € Hy(U). Then the extension of f to the
Hj-envelope of U is of bounded type (Theorem 5.2.11).

However, this is not true for unbounded balanced open sets:

e There exist an unbounded open balanced subset U of ¢p, and a function f € Hy(U) such that
the extension of f to the Hp-envelope of U is not of bounded type (Example 5.2.8).

This example answers a question posed by Hirschowitz [Hir72, Remarque 1.8]. This, in particular,
also shows that the Hp-Hp-envelope does not always exist and that the canonical extension of a
function of bounded type to the spectrum of Hy(U) is not necessarily of bounded type.

The entire functions of bounded type on a Banach space extend naturally to the bidual via
the Aron-Berner extension [AB78]. Thus it is also a natural problem to find the largest set of E”
to which every bounded type function on a given set U C FE extends. In section 3 we address
this problem. We define the AB-Hjy-envelope of a domain U on F, which is, roughly speaking,
the largest domain Y over E” such that every bounded type function on U extend uniquely to
Y in such a way that this extension coincides locally with the Aron-Berner extension. We give a
characterization of this envelope in the case U is an open and balanced subset of a symmetrically
regular space.

In section 4 we consider Banach spaces for which finite type polynomials are dense in Hy(E).
When they are also reflexive, they are called Tsirelson-like spaces following [Vie07]. We characterize
the density of finite type polynomials in terms of the spectrum of Hy(U) (more precisely, in terms
of m(My(U)), the projection of the spectrum on E”). We also show that Tsirelson-like spaces are
precisely the spaces where the holomorphic convexity of some U is equivalent to all the elements
of the spectrum being evaluations on points in U, extending some results of [Muj01] and [Vie07].
This means that Tsirelson-like spaces are the only spaces that behave as in the several complex
variables theory. We also give a Banach-Stone type result which generalizes some results in [Vie07]
and [CGMO5].

In the last section we present some properties of the spectrum of H,(U), somehow extending
the study of [AGGM96] and [CGMO05]. Even though, for a symmetrically regular space E, the
extension of a bounded type entire function to the spectrum M;(E) is of bounded type on each
sheet of the spectrum, we prove that usually it is not of bounded type on the whole spectrum.
More precisely, our result is:

e On any symmetrically regular Banach space in which there is a polynomial which is not
weakly continuous on bounded sets, there exist homogeneous polynomials whose extensions
are not of bounded type on the whole spectrum M, (E) (Proposition 5.5.2).
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Then we concentrate in the case U = By, to show that the structure of the spectrum in not what
one may expect from the case U = F, with E a symmetrically regular Banach space. In the latter
case, My(FE) is the disjoint union of copies of E”. However, we show that M;(By,) is not a disjoint
union of “unit balls”. Finally, for p € N, we are able to distinguish a part of the spectrum where the
canonical extensions are of bounded type and which turns out to be a Hy-domain of holomorphy.



Chapter 1

Preliminaries

1.1 Polynomials on Banach spaces

Throughout this work F, F' and G will be complex Banach spaces. Bg and Sg will denote the unit
ball and the unit sphere of E, respectively.

Definition 1.1.1. Let n € N. An application P : E — F' is an n-homogeneous polynomial if there
exist an n-linear mapping ® : F x .. x E — F such that P(z) = ®(z,...,z) for every x € E. In
this case we will say that P is a polynomial associated to ® and denote P = d.

Given a polynomial P there are many n-linear mappings which satisfy condition on Defini-
tion 1.1.1, but there exists only one which is symmetric (an n-linear mapping ® is symmetric if
P(z1,..,m0) = P(Ty(1)s- -+ To(n)) for every z1,..., 2, and every permutation o of {1,...,n}).

v
This symmetric n-linear form, which will be denoted by P, may be obtained from P via the po-

larization formula:

n

v 1
P(SCl,...,IL'n) == o Z 61...€nP(Z€i$Z’).

g;==1 i=1

Conversely, to each symmetric n-linear form we can associate an n-homogeneous polynomial. Thus
there exist a one to one and onto correspondence between n-homogeneous polynomials and n-linear
symmetric forms. We also denote Tp : Q™ E — F the linearization of P:

J J
The following norm is defined for n-homogeneous polynomials:
[Pl = sup [|P(z)].
r€EBER

An n-homogeneous polynomial P is continuous if and only if | P|| < co. It is easy to see that || P||
is the least constant such that ||P(z)| < || P||||z||"™ for every x € E. We will denote by P"(E, F) the
Banach space of all continuous n-homogeneous polynomials from E to F', or P"(E) when F = C.
Then (P™(E, F),| -||) is a Banach space. We will convey that PY(E, F) = F.

Denote by LZ(E, F) the space of continuous n-linear symmetric forms from E to F. It is a
Banach space with the norm ||®|| = sup{||®(x1,...,2,)| : x1,...,2, € Bg}. Then the polarization
formula implies that

i nm
1Pl < I1P) < 2P

9



10 CHAPTER 1. PRELIMINARIES

Thus the application
PYE,F) — LME,F)

is a Banach space isomorphism.

Example 1.1.2. Maybe the simplest class of polynomials is the class of finite type polynomi-
als, P}‘(E, F). An n-homogeneous polynomial P is of finite type if there exist vq,...,v, € E’,
Yi,.-- Yk € F such that P(z) = Y vj(x)"y; for every x in E. If E is finite dimensional then
every polynomial on E is of finite type. The closure of finite type polynomials in P"(E, F) are
the approzimable polynomials. The space of approximable polynomials is denoted by P} (E, F).
Every homogeneous polynomial on ¢g is approximable (see [Din99, Propositions 1.59 and 2.8]), but
there, in general, are plenty of non approximable polynomials. For example, the 2-homogeneous
polynomial P(z) = >, z} on {5 is not approximable.

Given P € P*"(E, F) and a € E, we define the polynomial P,x € P"*(E, F) by

n

k —k
v Y . .
P (z) = P(d*, 2" %) = P(@,..,a,7,..., 2).

We say that P,x is the polynomial obtained from P by fixing k variables at a. For k = 1, we write
P, instead of P,1. The k-differential of a polynomial is the application d*P : E — P*(E, F) defined

by
dkP(x) n\ Vv . .
Ty = (") P, ).
= ()P
v
Then we have that P(z+y) = > }_, (Z)P(:C”_k, y*) = > ko %(g).

1.2 Ideals of homogeneous polynomials

The definition of polynomial ideals appeared first in [Bra84, Hol86] as an adaption of the definition
of ideals of multilinear mappings given by Pietsch [Pie84] (for more on this subject see [Flo01,
Flo02, FGa03, FH02]). A quasi-normed ideal of continuous n-homogeneous polynomials
is a pair (A, || - ||2,) such that for each Banach spaces E, F, Ey, Fi:

(i) A (B, F) =A, NP*(E, F) is a linear subspace of P"(E, F) and || - [|q, (g,) is @ quasi-norm
on it.

(ii) f T e L(EW,E), Pe A, (E,F) and S € L(F, F), then So PoT € 2, (Ey, Fy) and

150 P o Tl m,rm) < ISPy, (2,0 IT1"

(iii) z + 2" belongs to 2, (C,C) and has norm 1.

We will also frequently use the notion of normed scalar ideal of continuous n-homo-
geneous polynomials, which is a pair (U, || - ||o,) such that for each Banach spaces E, Ej:

(i) A (E) =2, NP"(E) is a linear subspace of P"(E) and || - [|q, (g) is @ norm on it.
(ii) If T'e L(E1, E) and P € A, (E), then PoT € A, (E;) and

S0P oTla, &) < IIPlla, ) IT]"
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(iii) z +— 2" belongs to 2, (C) and has norm 1.

It is well-known that the only scalar ideal of 1-homogeneous polynomials (that is, of linear func-
tionals) is, for each Banach space E equal to E'.

We now recall the definition of the ideals of polynomials which may be encountered in the
following chapters.

e (Continuous polynomials, P.

The ideal of all continuous polynomials, with the usual norm of polynomials is a Banach ideal
of homogeneous polynomials. Other polynomial ideals with the usual norm of polynomials

are:

— Finite type polynomials, Py and approximable polynomials, P, which were already de-
fined in Example 1.1.2.

— Compact polynomials, Px and weakly compact polynomials, Py k.
A polynomial P € P"(E,F) is (weakly) compact if it maps bounded sets of E on
relatively (weakly) compact sets on F. Pg and Pk are complete normed polynomial
ideals.

— Weakly continuous on bounded sets polynomials, Py,.
A polynomial P € P"(E, F) is weakly continuous on bounded sets if the restriction of
P to any bounded set of E is continuous when the weak topology is considered on F
and the norm topology on F.

— Weakly sequentially continuous polynomials, Py sc-

e Nuclear polynomials, Py .

A polynomial P € P*(E; F) is said to be nuclear if it can be written as P(z) = Y50, vi(2)*y;,
where y; € E', y; € F for all i and > 50, [|7:]|* [|yi]| < oo. The space of nuclear k-homogeneous
polynomials from E into F will be denoted by P¥(E;F). It is a Banach space when we

1P llpy ;) = inf {Z il * H%H}
i=1

where the infimum is taken over all representations of P as above.

consider the norm

e Integral polynomials, Ppr and Pgy.

A polynomial P € P*¥(E,F) is Pietsch-integral if there exists a regular F-valued Borel
measure /i, of bounded variation on (Bg/, w*) such that

P(x) = /B v(2)" du(y)

for all x € FE. The space of k-homogeneous Pietsch-integral polynomials is denoted by
P, (E,F) and the integral norm of a polynomial P € P§,(E, F) is defined as

1Pllps, 5y = inf {|ul ()}

where the infimum is taken over all measures u representing P.

The definition of Grothendieck-integral polynomials is analogous, but taking the measure
i to be F”-valued. The space of Grothendieck-integral polynomials is denoted by 735 (E,F).
For scalar valued polynomials, Pgr = Ppr and will be denoted by P;y.
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Eztendible polynomials, Pe.

A polynomial P : E — F is extendible if for any Banach space GG containing E there
exists P € P*(G, F) an extension of P. We will denote the space of all such polynomials by
PY(E,F). For P € P*(E, F), its extendible norm is given by

[Pllpr(e,py =inf{c > 0: for all G D E there is an extension of P to G

with norm < ¢}.

Multiple r-summing polynomials, M,..

We need to recall the definition of the weak r-norm of a sequence: for z!,...,z™ € E, we
define

A k-homogeneous polynomial P from E to F'is multiple r-summing if there exists C' > 0

such that for every choice of finite sequences (x;] )ZL]: 1 CE,j=1,...,k, the following holds
L AV 4 i . .
Do P@E )T | <O wn((a)iL) - wn ().
i1y =1

The least of such constants C'is called the multiple r-summing norm and denoted || P|| vk (g, r)-

r-dominated polynomials, D,..

A k-homogeneous polynomial P from E to F'is r-dominated if there exists C' > 0 such that

for every finite sequence (z*)*; C E the following holds

(Z HP(wi)H%> <O (@)
i=1

The least of such constants C' is called the r-dominated (quasi) norm (which is a norm
for r > n) and denoted | P|lpr(p,p)-
Absolutely p-summing polynomials, 11,,.

A k-homogeneous polynomial P from FE to F' is absolutely p-summing if there exists C' > 0
such that for every finite sequence (z°)™, C F the following holds

P

(Z IIP(wi)Hp> < O wy((a)iy)".
i=1

The least of such constants C' is called the absolutely p-summing norm.

Strongly p-summing polynomials, Sp.

A k-homogeneous polynomial P from E to F is strongly p-summing if there exists C > 0
such that for every finite sequence (z°)™, C F the following holds

m % 1/p
(ZHPW‘)HP) <C_sw (D@(fnp) .
i=1

PE(E) i

The least of such constants C is called the strongly p-summing norm.
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e r-factorable polynomials, L, and strongly r-factorable polynomials, SL,.

A k-homogeneous polynomial P from E to F is r-factorable (strongly r-factorable) if there
exist a measure space (Q,u), a linear operator S € L(E, L.(R2)) and Q € P¥(L,.(Q), F")
(Q € P*(L,.(Q), F)) such that P = QoS (JroP = QoS). The quasi-norm considered is the
infimum of ||Q||p||S||% over all factorizations of P.

e oco-compact polynomials: Kuo.

A k-homogeneous polynomial P from E to F' is co-compact if there exist a linear operator
S € L(E,cp) and Q € P¥(cy, F) such that P = Q o S. The norm considered is the infimum
of ||Q||px||S||% over all factorizations of P.

There are also several ways to construct new polynomial ideals from given ones. We describe
some of the procedures which will be used later.
Composition Ideals

Let 2, be an ideal of n-homogeneous polynomials and B and € operator ideals. Following [Flo01],
we say that a polynomial P is in the composition ideal € o 2, o B if it admits a factorization
P=SoQoT,withS e, @ e, and T € B. The ideals being normed, we define the composition
quasi-norm

| Pl ¢on,, 0 = Inf{||S]|e||@ll2, IT||% : all factorizations of P}. (1.1)

This quasi-norm is actually a A-norm for some 0 < A < 1 [Flo01]. We say that the composition
ideal € 0 2(,, 0B is normed whenever the composition quasi-norm (1.1) is a norm.

A normed ideal of linear operators (polynomials) is closed if the norm considered is the usual
linear operator (polynomial) norm. If % and € are closed operator ideals and 2, is normed, then
CofA, 0B is normed. If B is t-normed, € is r-normed and 2, is s-normed, then € o 2, 0 B is
A-normed, with % =3+ % + %

For example, D) = P" oIl, and L} = P" o L, (see [Sch9l, Flo01]).

Minimal hull
Given a Banach ideal of n-homogeneous polynomials 2l,,, the minimal ideal ™" is defined as
AW — Fo 9, o F,
where F is the ideal of approximable operators; and
[Pl gnin = inf [ Qlla, 1715,

where the infimum is taken over all factorizations P = SQT with S,T € F, Q € «,..
Proposition 1.2.1. [Flo01]

o AN Ay with |- oy, < logpin-

o (2pm)min L ggpin,

o AMN js the smallest ideal of n-homogeneous polynomials such that A (M, N) = A, (M, N)
for every finite dimensional Banach spaces M, N .
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e If E' and F have the metric approzimation property, then AMM(E,F) 4 A, (E, F) and

A Banach polynomial ideal is minimal if ™" = 2L,,.

min

For example, the ideals nuclear and approximable polynomials are minimal. Moreover Pp;" =
PE* = Py and P = Py.

Maximal hull

The maximal hull 2"#* of a normed polynomial ideal 2, is defined as the class of all P € P"(E, F)
such that

[Pl g (5, ) == {|QF © P o Jillav,(arz) : M € FIN(E), L € COFIN(F)} < oo,

where FIN(E) (COFIN(F)) denotes the set of finite dimensional (codimensional) subspaces of £
(F), and Qf (JE) denote the projection from F onto L (injection from M into E).

A7aX is the largest normed ideal of n-homogeneous polynomials that coincides isometrically
with 2(, in finite dimensional spaces [Flo01, FH02].

A normed polynomial ideal 2, is called maximal if A% = 2,,.

Proposition 1.2.2. [Flo01]
o Ay, C AT with || - ||lgumax < | - |, -
° (Q[max)max é leax
n n °

o AN 45 the greatest ideal of n-homogeneous polynomials such that A}'* (M, N) < A, (M, N)

for every finite dimensional Banach spaces M, N .
° (Q{max)min é Q[min and (lein)max é Q(max
n n n n °
o [fB, € are mazximal ideals of linear operators and 2, is mazimal, then €o%,, 0B is maximal.

For example, P, Pr, Pe, D,., M,., P, are maximal ideals. Also, Py** = Pr and P} = P.

1.2.1 Symmetric tensor products

The theory of normed ideals of operators is closely related to the theory of tensor product of
Banach spaces. This relationship begun with the work of Grothendieck (see [Gro55]), who defined
the projective and injective norms on the (full) 2-fold tensor product of two Banach spaces E and
F:

Definition 1.2.3. Let E, F' be a Banach space and denote by E® F' the (full) 2-fold tensor product
of £ and F.

1. The projective tensor norm of order 2, w, is the norm,

m m
m(z,E@ F) =imf{>_|lzllly;| : meN, z=> z;®y;}.
j=1 j=1
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2. The injective tensor norm of order 2, €, is the norm,
m
(2 B ® F) = supf| Y v(@))e(ws)| : 7 € B, ¢ € Br),
j=1
if 2 =300 25 ©y;.

We will denote by E®,F and E®. F the completion of the normed spaces (E® F, ) and (E® F, ¢),
respectively.

Grothendieck also proved the following theorem, relating the tensor product of Banach spaces
with some spaces of operators on E:

Theorem 1.2.4. (E&,F) = L(E,F') and (E&.F) £ Lo (B, F').

Ryan, in his thesis [Rya80], introduced norms on the symmetric tensor product of Banach spaces
to study homogeneous polynomials. The projective and injective tensor norms for the symmetric
tensor product are defined as follows:

Definition 1.2.5. Let E be a Banach space and denote by @™ E the n-fold symmetric tensor
product of E.

1. The projective symmetric tensor norm, ms is the norm,

m m
mo(2 Q) E) =inf{ ST\l meN, =3 Al 5
j=1 j=1

n _— n . = . PP .
where, oy =" =10; Q- Q.

2. The injective symmetric tensor norm, €, is the norm,

:")/GBE/ s

eu(2.Q) " E) = sup ‘ > A"

j=1

if 2= 3" Aja?

.
The following results relate symmetric tensor norms with ideals of polynomials, see [F1o97]

([Vilo3] or [CLO5] for 4).

Theorem 1.2.6. Let E, F' be Banach spaces.

1. P"(E,F) = E(®:;SE,F), where ®:;SE denotes the completion of (Q™* E,ms). In particu-
lar, P"(E) 1 (®ZSSE)/

2. P"(E,F") < (®n’sE® F), where T denotes the two fold full projective t
. ) = (D, = F), projective tensor norm.

3. If E' has the approximation property, ®:;SE’ = Pn(E), where we associate z = 27:1 Aj®"
v; € @™ E" with the polynomial P* € P"(E) such that, P*(x) = Y 1) A\jyj(x)" for every
reb.

4. Pp;(E,F) L Ep1(®:;SE, F). The same is true if we replace Pietsch integral by Grothendieck
integral mappings. In particular, P} (E) = (®:SSE)/
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5 PHE) = Q. E.
More generally, “reasonable” symmetric tensor norms are defined as follows.

Definition 1.2.7. A symmetric tensor norm of order n (or just s-tensor norm), «, is an assignment,
to each Banach space E of a norm a(-, @™’ E) on the n-fold symmetric tensor product Q"™* F
such that

DHes<a<mson Q" E.

(2) « satisfies the metric mapping property, i.e., for every T € L(E, F),

| @™ Tllg@ne B—@m F) < 1T 7(5,r)-
An s-tensor norm « is called finitely generated if for every F and z € ®"° E,
oz, E) =infla(z, R M): MeFINE), =@~ M}.

For example, 7, and €, are finitely generated s-tensor norms, see [F1097].
Given an s-tensor norm « of order n, we may define a finitely generated s-tensor norm of order

n,s 1 n,s
®a’ M= <®a M/)

for M € FIN(M). ¢ is called the dual norm of a. It follows that 7, = ¢4 and €, = 75 and that
for any finitely generated o, o = a.

n, o/, by

/

Also, given a scalar normed ideal of n-homogeneous polynomials, 2{,,, we can define a finitely
generated s-tensor norm a by

& M L2, (),
for M € FIN(M) and for z € ™ E,

oz(z;®n’8 E) :=inf {a(z; ®n7s M): M e FIN(E), z € ®nsM} .

a is called the s-tensor norm associated to 2,. Note that 2,(M) = @™ M’ = (Q° M)’ for
every M € FIN(M).

For example, the s-tensor norm associated to P and P,4 is €5 and the s-tensor norm associated
to Pr and Py is 7.

Theorem 1.2.8. Representation Theorems [Flo01, FH02]

e A normed ideal of n-homogeneous polynomials 2y, is maximal if and only if A, (F) = (®ZZSE)/,
where « is the s-tensor norm associated to A,. The norm o' is sometimes called the predual
norm to 2,,.

o If2, is a Banach ideal of n-homogeneous polynomials with associated s-tensor norm «. Then
the natural map

®Z’SE/ - an(E)’

is a metric surjection for every Banach space E, and it is also an isometry if E has the
bounded approrimation property.

We denote by n (or 7, if we want to specify the order) to the s-tensor norm which is dual to
the s-tensor norm associated to the ideal of extendible polynomials. Then, P (E) = (®ZSE)/
We know recall the definition of adjoint ideal ([Flo01]).
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Definition 1.2.9. Let 2, be a normed ideal of n-homogeneous polynomials, with associated s-
tensor norm «. We may define the adjoint (or dual) ideal, 207, by

X e Gy
AN(E) = (®a E).
By the Representation theorem 1.2.8, 2» is a maximal ideal and 2(;* = 207'%*. Also, if E has
the bounded approximation property, then 2L, (E)’ = A (E).
For example, P* = P} = Pr and Py = P; =P.
The above constructions may be carried out for vector valued ideals also and some representation
theorems can be proved, see Sections 2.5 and 2.6, and [Flo01, Section 7].

1.3 Holomorphic functions on Banach spaces

We refer to [Muj86, Din99] for all the material of this section, except the analytic structure of the
spectrum which may be found in [AGGM96, DV04]. Let U C E be a an open subset. A mapping
f:U — Fis holomorphic on U if it is continuous and Gateaux-holomorphic on U, that is, for each
p € F' 19 € Uand x € E, the function A — ¢o f(xg+ Az) is holomorphic on some neighbourhood
of 0. The set of all holomorphic mappings on U will be denoted H(U, F') (or H(U) if F' = C). The

following are equivalent:
a. f is holomorphic on U.
b. f is Fréchet differentiable at each point z¢ € U, that is, there exist T' € L(FE, F’) such that

lim f(z) = f(zo) = T(x — x0)

Ty [l = o

=0

c. The Taylor series expansion of f at xy converges uniformly on a neighbourhood of each point
k
xo € U, that is, there are k-homogeneous polynomials %(!xo) € Pk(E, F), k > 0, such that

fla) = 052y o) (),

The polynomial % is called the k-differential of f at zp and the first differential (or just the

differential) of f at xg, d' f(zo) coincides with the operator T of b. The radius of convergence of f

at xg, R, is defined as the supremum of all » > 0 such that the Taylor series of f at xy converges
k
uniformly on the ball B(z,r). The Cauchy-Hadamard formula states that + = limsup H%ﬂmo) I K.

We also have the Cauchy Integral Formula which states that
d" f(a) ( 1 fla+ Ax)

= _— I TN
k?' .T) 21 \)\|:r )\kJrl ’

where f is a holomorphic function on the open subset U, a € U, x € E and r > 0 is such that
a+ Ax € U for every |[A| < r. As a corollary we have the Cauchy Inequality: !%(x)‘ <
rLk SUP|\|=r !f(a + Az)|. In the case V C U is balanced, we have that H dk;;(o) HV < || fllv, where, for
a function g : V' — C, ||g||v denotes the supremum of |g| on V.

A subset A C U is U-bounded (denoted by A cC U) if it is bounded and bounded away
from the boundary of U (i.e. dist(A,U¢) > 0). A function f: U — F' is a holomorphic function of
bounded type if f maps U-bounded sets to bounded sets of F'. For example, the function g : ¢g — C,

g(z) =), x, where x = (z,,)n, is entire (i.e. holomorphic on E) but it is not bounded in the unit
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ball of F, thus it is not a bounded type function on E. It is a consequence of a theorem of Josefson
and Nissenzweig that on every infinite dimensional Banach space there are holomorphic functions
which are not of bounded type.

The space of holomorphic functions of bounded type on U is denoted by Hy(U, F') (or Hy(U)
if F=C). Let U, = {x € U: ||z| <n, dist(z,U°) > 1}. Then we may define on H,(U, F), the
seminorms ¢, (f) = || fllu, :=sup{|f(z)| : = € Uy,}. The space (Hy(U, F), (¢n)n) is a Fréchet space.
In case F' = C, Hy(U) is a locally m-convex Fréchet algebral.

It is known that for balanced open sets U, polynomials are dense in Hy(U) (see for example
[Muj86, Theorem 7.11]).

The entire functions of bounded type may be characterized as the entire functions such that
H%H% — 0 as k — oo. In this case the topology of Hy(E, F) may be described with the

seminorms p,(f) := > 7 TkH%H%’ r>0.

A Riemann domain (X, p) spread over a Banach space E is a Hausdorff topological space X
and a local homeomorphism p: X — FE. If r > 0, x € X and there exists a neighborhood V of z
such that pj, is an homeomorphism onto B (p(r)), then V' is denoted as B, (z). The distance of a
point x € X to the boundary is defined as the distx(z) = sup{r > 0: B,(x) exists}. A function
f: X — Cis holomorphic on X if for each z € X and r < distx(z), the function f o (p|BT(z))_1 is

k(o -1y (g
holomorphic. For x € X and r < distx(x), we define dkf;(x) ) (p|BIQ!(")) @),

A subset A C X is X-bounded if p(A) is bounded and distx(A) = inf{distx(z) : x € A} is
positive. f: X — C is holomorphic of bounded type on X if it is holomorphic and it is bounded on

each X-bounded subset. The set of all holomorphic functions of bounded type on X is denoted by
Hy(X). The space Hp(X) is a Fréchet algebra when it is considered with the topology of uniform
convergence on X-bounded sets.

1.3.1 The Aron-Berner extension

There is a natural way to extend linear functionals on E to w*-continuous linear functionals on
the bidual E”. Aron and Berner [AB78] showed that this extension may be carried out also for
homogeneous polynomials and holomorphic functions of bounded type.

Let A € L7(FE) be a symmetric n-linear form. The Aron-Berner extension of A, AB(A) is an
n-linear form on E”. For z1,...,x,-1 € E, note that A(x1,...,2,-1,-) belongs to E’. Thus for
each z € E”, we may define z : L?(E) — L7 1(E) by,

Z(A) (21, ...y xn-1) = 2(A(Z1, ...y Tp—1, ).

Similarly, for each 1 < k < n, we can define z : L¥(E) — £¥~1(E). Thus the Aron-Berner extension
of A is defined by
AB(A)(z1,...,2n) =Z10---0Zp(A).

The Aron-Berner extension is not, in general, symmetric. Moreover, we have chosen an order to
pick the variables of A, and in general, the extension obtained depends on this order. However, it
has the following properties:

o Ifxr € Fand 2,...,2,_1 € E” then

AB(A)(x,z1,...,2n-1) = AB(A)(z1,2,...,2p—1) = -+ = AB(A)(21,. .., 2n—1, T).

YA locally m-convex Fréchet algebra, or just Fréchet algebra, Y, is a Fréchet space which is an algebra and whose
topology may be given by seminorms ¢ which are submultiplicative, i.e. g(zy) < q(z)q(y) for every z,y € Y.
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e It is w*-w*-continuous in the first variable (the last variable which is extended).
e If (z4,)a, C E are nets converging to z € E”, k=1,...,n, then

AB(A)(z1,...,2p) =lim...lim A(zq,,. .., Zq, )-

a1 [077%
o [[AB(A)] = [IA]l.
e AB(A) is separately w*-continuous on each variable if and only if AB(A) is symmetric.

A Banach space E is symmetrically reqular if the Aron-Berner extension of each symmetric multi-
linear form is symmetric. For example, any reflexive Banach space, /o, and ¢y are symmetrically
regular; /1 is not symmetrically regular.

The restriction of AB(A) to the diagonal is unique, that is, the application E” 3> z
AB(A)(z,...,z) does not depend on the order of the variables chosen to extend A. Thus if
P € P"(E,F), then its Aron-Berner extension AB(P) € P"(E",F") is uniquely defined as

AB(P)(z) == AB(]\é)(z, ...,2). Davie and Gamelin proved that the Aron-Berner extension AB :
P™(E) — P™(E") is an isometry [DG89]. Moreover, they extended Goldstine’s theorem proving
that Bp is polynomial-star dense in Bgn, that is, for each z € Bpr there exists a net (xz,)q C Bp,
such that P(z4) — P(z) for every polynomial P.

Given a holomorphic function f on E, we may extend each of the homogeneous polynomials
in the Taylor series of f to obtain a holomorphic function on some neighbourhood of E”. This
procedure works fine for functions of bounded type:

e The Aron-Berner extension induces a continuous and multiplicative homomorphism AB :
Hy(E) — Hy(E").

In contrast we have the following result: a holomorphic function f on ¢y is extendible to a holo-
morphic function on £, if and only if f belongs to Hp(cp).

The spectrum of H,,.

Let (X,p) be a Riemann domain over E. We will denote by M(X) the spectrum of the algebra
Hy(X), that is, the set of all non-zero continuous, linear and multiplicative functionals on Hp(X).
Thus, for each ¢ € M;(X) there exists an X-bounded set B such that ¢(f) < sup,cp|f(z)], for all
f € Hp(X). In this case, we will write ¢ < B. By a fundamental sequence of X-bounded sets we
will mean a sequence {4, }, of X-bounded subsets such that if B is another X-bounded subset,
then there exists ng such that B C Ay,,. We denote X, := {z € X : distx(z) > L and ||p(z)|| < r}.
Note that {X, }nen is a fundamental sequence of X-bounded sets.

For the case X = E, we can define an application 7 : My(E) — E" by n(¢) = ¢|,,. By the
Aron-Berner extension, the evaluations ¢, at points z € E” are continuous homomorphisms, and
thus, E” is identified with a part of M,(FE). Note that m(d,) = z for every z € E”, therefore 7 is

surjective. In general, 7 is not injective. Indeed, the following holds:

e If there exists a polynomial P which is not weakly continuous on bounded sets then there

exists ¢ € M(E) such that ¢ # dr(,)-

For a general Riemann domain (X, p), the mapping 7 : M(X) — E” is defined by m(p)(y) =
o(yop). If Eis symmetrically regular, this mapping 7 provides the local homeomorphism that
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makes Mp(X) a Riemann domain over E” [AGGM96, DV04]. We briefly describe their construction.
Given f € Hy(X), z € E”, the function X 3 z — AB(%)(Z) is holomorphic of bounded type.

For ¢ € My(E) such that ¢ < X,, and z € E”, with [|z]| < 1, we may define ¢* € M;(X) by?

0 k
e (N =D (v ap(“ ‘]C,(x))(Z))-

k=0
If F is symmetrically regular, the Aron-Berner extensions of symmetric multilinear mappings are
symmetric, and this allows to prove that the sets V, . := {¢* : [|z|| <1, } C My(E), ¢ € Mp(X), ¢ <
X, constitute a neighbourhood basis for a Hausdorff topology on Mj,(X). Moreover, sup{distx (A) :
¢ < A} < distyg,(x)(¢). Tt is also proved 7(p*) = 7(¢) + 2, and from this it is easy to see that 7
is a local homeomorphism and therefore we have:

Theorem 1.3.1. [AGGMYIG6, Corollary 2.4] and [DV0], Propositons 1.5 and 2.3] Let (X,p) is a
Riemann domain over a symmetrically reqular Banach space E. Then (My(X), ) is a Riemann do-

main over E”. Moreover, every bounded type holomorphic function f on X extend to a holomorphic
function f on My(X) via its Gelfand transform (i.e. f(p) = @(f)).

In the case X = FE, the connected component containing ¢ € My(E) is the sheet of ¢, S(p) =
{¢? : z € E"}. Therefore each connected component of M(E) is homeomorphic to E”:

My(E)

E//

It was shown in [Din99, Section 6.3] that the extensions of bounded type entire functions on
E to the spectrum are of bounded type on each connected component of M(E) (see Proposition

5.5.2). In contrast, if £ is not symmetrically regular, the sets V,,, do not even define a topology
in My(E).

*For X = E we may simply define o*(f) = o(f(z + -)), see [Din99, Section 6.3].



Chapter 2

Compatible polynomial ideals on
Banach spaces

In this chapter, in order to investigate the relationship between an operator ideal and its natural
polynomial extensions, we define the concept of compatibility. We study the stability of these
properties for maximal and minimal hulls, adjoint and composition ideals. We also relate these
concepts with conditions on the underlying tensor norms and with interpolation spaces. The content
of this chapter appears in [CDMO09].

2.1 Definitions and general results

Many examples of polynomial ideals appear as generalizations of ideals of operators. We intend to
clarify the relationship between an ideal of operators and its possible generalization to higher de-
grees. In particular, we are interested in properties that are shared by the operator and polynomial
ideals.

Next lemma shows that any polynomial ideal is closed by the combined operation of fixing
variables followed by multiplication by a power of a linear functional.
Lemma 2.1.1. Let 2, be an ideal of n-homogeneous polynomials and P € A, (E, F). IfTy,...,T, €

v
L(G, E), then the n-homogeneous polynomial given by Q(-) = P(T1(-),...,T,(:)) belongs to A, (G, F).

Moreover, if 0 < j<n,~ € FE, and a € E, then
(a) v/ P,; belongs to A, (E, F).
(b) (' P),, belongs to A, (E, F).

Proof. The first assertion follows from the polarization formula. Statement (a) follows from this
fact and the equality

Yz Pi(x) = I\S(fy(x)a, coy(@a, .. x).

To prove (b), we expand ('yj P) . as

al

(’Yjp)aj(x) = (n+-
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and use (a). O

This result suggests that the operations of fixing a variable or multiplying by a linear functional
are inherent to the structure of polynomial ideals. These natural operations have been consid-
ered by several authors to relate spaces of polynomials of different degrees. In particular, the
operation of fixing a variable is intrinsic to the definition of holomorphy type [Nac69] (see also
[Din7la, BBJP06]). It also motivated the definition of ideal of polynomials “closed under differ-
entiation” [BP05] and the polynomial property (B) [BBJP06]. On the other hand, the operation
of multiplying by a linear functional originated the concept of ideal of polynomials “closed for
scalar multiplication” introduced in [BP05]. Our purpose is to relate ideals of polynomials with
ideals of operators in this chapter and ideals of polynomials of different degrees in the next one. In
both cases, this can be done by the natural operations mentioned above. The following definition
consider the joint effect of both operations with control of the ideal norms.

Definition 2.1.2. Let 2 be a quasi-normed ideal of linear operators. We say that the quasi-normed
ideal of n-homogeneous polynomials A, is compatible with 2 (or that A, and A are compatible)
if there exist positive constants A and B such that for every Banach spaces E and F', the following
conditions hold:

(i) For each P € A,,(E,F) and a € E, P,n-1 belongs to A(E; F) and

1Pan-1 iy < AllP sy, (,1)llal" ™

(ii) For each T € A(E,F) and v € E', y* T belongs to A, (E, F) and

V" T s, 2,y < BIVI™ T |,
We will sometimes write A,, ~ A to denote that A and A,, are compatible.

Note that we could have defined analogously a notion of compatibility between two (or more)
quasi-normed ideals of homogeneous polynomials of different degrees. However we will restrict
ourselves to compare an operator ideal with an ideal of polynomials in this chapter and in the next
one a full sequence of k-homogeneous polynomial ideals {2 }ren.

Although the definition of compatibility involves constants which relate the norms of the opera-
tors and the homogeneous polynomials, when the ideals are complete those constants automatically
exist. This means that if we can define the operations of fixing variables and multiplying by func-
tionals, then they are uniformly (in the Banach spaces E, F') bounded. This is proved in the next
result.

Proposition 2.1.3. Let U,,,2A be Banach ideals of n-homogeneous polynomials and linear operators
respectively. Suppose that for every Banach spaces E, F,

(a) ifa € E and P € A, (E,F) then Py € A(E, F), and
(b) ify € E" and T € A(E,F) then y" T € A, (E, F).

Then A, is compatible with A, that is, the norm conditions in Definition 2.1.2 are automatically
satisfied.

Proof. Let us first prove that there exists a constant A > 0 (independent of the spaces E, F') such
that, for every a € E and P € %, (E, F), [|Pyn—t|loqp,py < Allal|" | Pllg, (5,7)- We will prove this
proposition in three steps:
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(1) For fixed E, F and a € E, the application

Gunr : Un(E,F) — A(E,F)
P — Panfl’

is continuous.

Proof. Just apply the Closed Graph Theorem.
(3) For fixed E, F' the mapping,

a = Qba"*l(P) = Pyn—1,

is continuous. Thus here exists a constant A = Ag r > 0 such that, for every a € E and
P e An(E, F), [|Pon-1llaqe,ry < Allal" | Plla, 2,7)-

Proof. By (1), the application ¢ is well defined. Step (2) then follows from the Multilinear
Closed Graph Theorem.

(2) There exists a constant A > 0 (independent of the spaces E, F') such that, for every a € E
and P € W (B, F), |Pynt [l ry < Allal™ | Pllsy, (z.7)-
Proof. Suppose that there exist Banach spaces Ey, Fy and ap € Ej, with ||ag| < QL and
quaz_lH > k, where
qbazfl o U (B, Fr) — 2A(Eg, Fr)
P > Panfl .
k
Let Py € A (Ey, F,) such that [|¢ n—1(Pg)| > k|| P, (B, F,)- Define the spaces E = @, Ej
k K
and F = @, F} normed in any way such that the applications

E. % E E,
F, <& F F.,

IR

have norm one. Let Q. be the polynomials Qp = iy o Py o mx € A, (E, F). Since |lag|| < 2%,

we may define a = ), ar € E and also ¢yn-1 : A, (E, F) — A(E, F). Note that for every
r e F,

Y Vv

ban-1(Qr)(x) = Qa1 2) =iy o P(m(a)” t, me(2)) = (ik 0 (P)an—1 o mx) (2).
Thus,
[Gan-1 (@il ry = ik 0 (Pr)an—1 © mrllm,ry = [Tk © 1k © (Pr)an-1 © T © ikll2m,, Fy)
= |(Pr)an-1 oy, 70 > -
Therefore ¢,n—1 cannot be continuous, which contradicts (1).

The fact that there exist a constant B > 0 (independent of the Banach spaces E, F') such that
for every v € E' and every T € A(E, F), ||[Y" 'T|a,(g,r) < BIVI" T |lace,F) can be proved
analogously. O
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Even though it is not necessary to obtain the constants A and B to show that two Banach ideals
are compatible, we will also seek “good” constants mostly for two reasons: the first one is that
this kind of bounds will allow us in the next chapter to define holomorphic mappings associated to
sequences of ideals and the second is that they provide a bound for the norm of the derivatives of
homogeneous polynomials in different ideals.

The following lemma show a kind of converse to conditions (i) and (i) of Definition 2.1.2.

Lemma 2.1.4. Let A, be an ideal of n-homogeneous polynomials compatible with A and T €
L(E,F). Then the following are equivalent:

a) T € A(E, F).

b) YT belongs to A, (E, F) for all v € E'.

¢) Y" 1T belongs to A, (E, F) for some nonzero v € E'.

d) There exist P € A,(E,F) and a € E such that T = P,n-1.

e) For each 0 # a € E, there exist P € A,,(E, F) such that T' = P n-1.

Proof. The definition of compatibility implies that a) = b), a) = ¢), d) = a) and €) = a). Clearly
b) = ¢) and e) = d). So it sufices to prove that ¢) = a) and that a) = e).

¢) = a): Suppose that Q = 4"~ T belongs to A, (F, F) and choose a € E such that y(a) # 0.
Then Q n-1 € A(E, F), since A, is compatible with 2. Now,

n—1

Q1 = 7" (@)T + 23" ()T ().

So, we can express T as
n n—1

= @Y T @

Since T is a linear combination of a finite type operator and @Q,»—1, we conclude that it belongs to
AE,F).

a) = e): Take T € A(E, F) and 0 # a € E and choose vy € E’ such that v(a) = 1. By equation
(2.1), T can be written as

T(a)y. (2.1)

T = (n(y""'T) = (n = DT (a)")

an—1
and the polynomial P = n(y"~'T) — (n — 1)T(a)y™ belongs to 2, (E, F). O

The previous lemma allows to infer relationships between operator ideals from compatible poly-
nomial ideals.

Proposition 2.1.5. Let AL, ... AL B, be quasi-normed ideals of n-homogeneous polynomials com-
patible with A, ... A* B respectively. If for some E and F, N, AL(E,F) C B,(E,F), then
N, (E,F) C B(E,F).

Proof. For u € ; 2/(E, F) and a nonzero v € E’, we have v lu € N; W, (E,F). Thus, " 'u €
B, (E,F), and by Lemma 2.1.4, u € B(E, F). O

The above proposition was proved, with a different terminology, by Botelho and Pellegrino
[BP05, Proposition 2] (see also [BBJP0G]).

Note that we only need that 2 satisfies (ii) and 9B satisfies (i) in the definition to obtain the
conclusions of the proposition (in fact, none of the norm inequalities in (i) and (47) are necessary).
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The previous proposition asserts that an ideal of n-homogeneous polynomials 2, can be com-
patible with at most one operator ideal 2. We will see later that given an operator ideal there are
always many polynomial ideals compatible with it.

Before presenting examples, we need some technical results that will be frequently used through-
out this work.
Let 0: @"E — @Q™° E be the symmetrization operator

O-('Tl ®-® :ETL = ' Z xn(l " ® Ln(n)s
nESn
where S,, denotes the set of all permutations of {1,...,n}.

The following result can be derived from [Har97, Corollary 3]. However, we provide a simple
proof for the sake of completeness.

Lemma 2.1.6. Leto: Q" FE — Q"* E be the symmetrization operator. Then, for any symmetric
n-tensor norm « and all a,b € E we have

a(o(@ebe - eb; @™ E) < efal bl" .

Proof. Let r € C be a primary root of the unit: v = 1 and rJ # 1 for every 1 < j < n. Let us see
that for all £t > 0

n—1 ;
1 : 7 n
c(a@b®---®b) = EZrJtnfl(a—i—%b) .

V

Indeed, if P € P*"(E), (P,o(a®b®---®b)) = P(a,b,---,b), and

n—1 n—1
< %Zr]t” ! a—l——b) > = in]t” 1P(a+—b)
" Jj=0 7=0

1 n—1 _— n n\ Vv - ri ;
= ety ()P )
=0 =0

-1 n n—1
_ot : (n) %}/’(a"*i, b) Z G+
ns ~—~ \1

i—0 =0
ik 1 n iV, .

= 3 <n—1>t T P(a,b" " )n
v

= Pl(a,b,---,b).

Suppose that ||a|| = ||b]] = 1. Then for all ¢ > 0 we have that

n—1 ;
o(slaebe i@ E) < 53T
§=0
1 1.1
< m;ot” 1(¥+1)":5t” 1(¥+1)".

Choosing t = —1 we obtain

n—1
N M
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Thus for all a,b € F,

_ b b
lall ol (o (o @ @+ @ ) )

a(a(a bR ® b)) lall = 1/]] o]

< ellallflol"t
O
From the previous proof we obtain the useful expression
J(a®b®---®b):%;_nilrj((n—l)rjb+a)n. (2.2)
n? (n—1)n-1 =

Corollary 2.1.7. a) For any normed ideal 2,, of n-homogeneous polynomials, v,¢ € E' andy € F,
we have

17" yllaw e,y < ellyllllol™ ™yl
b) Let P € P"(E,F), and a,b € E. Then

n—1
v 1 1 . .
n—1y\ __
Pla,p™) = ﬁm?oﬁw((n—l)”bﬂ)

and
M n—1 n—1
[P(a, 0" )| < el Pl|[all[b]" .

Proof. a) Define T' € L(C, F) as T'(c) = c¢y. Then

7" Yl mrm < 108" Hanm ol T,y = 176" .m0l o, r

Since we always have the norm one inclusion @7 E' < 2, (E,C), we obtain [|[v¢" e, (5,c) <
Ts(c(v®P®- ®¢); Q" E') <ellv||l¢]"!, which ends the proof.
b) This follows from expression (2.2) and the previous lemma. O

Now we show that most classical ideals of polynomials are compatible with the operator ideal
generally associated to it.

Example 2.1.8. Continuous homogeneous polynomials: P™ ~ L.

As a consequence of the previous corollary, for each n, P™ is compatible with the ideal £ of all
continuous linear operators with constants A = e and B = 1.

Similarly, the ideals of approximable, compact, weakly compact, weakly sequentially continu-
ous and weakly continuous on bounded sets n-homogeneous polynomials are compatible with the
corresponding operator ideals, with constants A = e and B = 1.

Example 2.1.9. Nuclear polynomials: Py ~ Ly

Let P € P} (E,F). For a € E, it is immediate that P,.—1 is nuclear and ||Pan71||Pk—1(E.F) <
N )
||a\|”_1||P||P];%(E;F). Also, by Corollary 2.1.7 a), we have that if T" € L (F, F') is a nuclear operator
then ]]7"*1T]]P§+1(E;F) < eH’yH"leTHPME;F) for any v € E’. Therefore, the ideal of nuclear
polynomials is compatible with the ideal of nuclear operators with constants A =1 and B = e.
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Example 2.1.10. Integral polynomials: Pp; ~ Lpr and Pgy ~ Lar

The integral polynomials are compatible with the ideal of integral operators, with constants
A =1 and B = e, as we will see in Sections 2.5 and 2.6.

Example 2.1.11. Extendible polynomials: Pl ~ Le

The sequence of extendible polynomials is compatible with the ideal of extendible operators,
with constants A =e and B = 1:

(i) Take P € P(E,F) and a € E, suppose E C G. If P € P"(G,F) is any exten-
sion of P to G, by the polarization formula, (ﬁ)an—l is an extension of P,.-1 to G with norm
[(P)gn-1] < ellP||la™* (by Corollary 2.1.7 b)). This implies that P,.—: is extendible and
1Ponrll. < el Pllpgllaf™~". ~

(i1) Let T € L(E, F) and v € E’. If 5 is an extension of v and T an extension of T to G D FE,
then 7"~ 1T is an extension of " 1T to G with norm at most ||y||"~!||T||. Thus " 'T € P*(E, F)

and || T|lps < [y[[*HIT [Pz
Example 2.1.12. Multiple r-summing polynomials: MJ* ~ 11,

We will prove that M} is compatible with the ideal of absolutely r-summing operators with
constants A = B = 1 as an immediate consequence of Example 3.1.9.

Example 2.1.13. r-dominated polynomials: D) ~ IL,.

The ideals of r-dominated polynomials are compatible with the ideal of absolutely r-summing
operators with constants A = e and B = 1. This is a particular case of the composition ideals
considered in Section 2.3.

We will see a lot more of examples of compatible ideals later in this chapter. Now we see that
not all the usual polynomial extensions of an operator ideal are compatible.

Example 2.1.14. The ideal of absolutely 1-summing polynomials is not compatible with the ideal
of absolutely 1-summing operators: 11T ~ 1I;.

We show that the ideal of absolutely 1-summing 2-homogeneous polynomials is not a compatible
extension of the ideal of absolutely 1-summing operators, exhibiting a 2-homogeneous absolutely
1-summing polynomial that does not satisfy condition ().

Let P: {3 — {3 @, {2 be the polynomial given by P(z) = z ® z. Suppose that (zy)x is a weakly
1-summing sequence in g, then by Orlicz Theorem (see [DJT95, Theorem 3.12]), (z)y is strongly
2-summing. Therefore

Y NP@ll = wlar @ ap, le @ o) = Y [lag® < o0

which means that P is absolutely 1-summing. On the other hand, let (e,), denote the canonic
basis in f5. Let us see that P,, is not absolutely 1-summing. Note that P, (e,) = % does
not converge to 0 in £y ® fy-norm. To see this, take €] + €], € £y, then ||(¢] + €},)?|p2(s,) = 2 and

1
T(Pey(en), b2 @ 6) = sup{|Q(Pe; (en))| : Q € P*(t2), QI <1} > S (€] + €},)* (Pey (en))
1 1
= S+ e €+ eh)(en) =
Thus the linear operator P, is not completely continuous and therefore it is not absolutely 1-

summing (see [DJT95, Theorem 2.17]).
The same example shows, for real Banach spaces, the following (see [Dim03, Example 3.4]):
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Example 2.1.15. Strongly 1-summing polynomials are not compatible with the ideal of absolutely
1-summing operators.

2.1.1 Existence of a compatible operator ideal

We know that there can be more than one ideal of polynomials compatible with a given polynomial
ideal, for example the ideals of 2-dominated and multiple 2-summing 2-homogeneous polynomials
are both compatible with the ideal of absolutely 2-summing operators (we will see in the next
section that this is true for every operator ideal). Also, by Proposition 2.1.5 there exist at most one
operator ideal compatible with a given polynomial ideal. On the other hand not every polynomial
ideal is compatible with the commonly associated operator ideal (e.g. the absolutely 1-summing
polynomials above).

So it is natural to ask wether every polynomial ideal must have a (necessarily unique) compatible
operator ideal or not. We will now answer this question affirmatively, proving the following:

Theorem 2.1.16. Let A, be a Banach ideal of n-homogeneous polynomials. Then there exists
a unique Banach ideal of operators % compatible with A,. This operator ideal can be normed to
obtain compatibility constants 1 < A, B < e.

The proof will be given in several steps. First, we need the following Lemma, which is a variation
of Lemma 2.1.1.

Lemma 2.1.17. Let 2, a normed ideal of n-homogeneous polynomials and P € A, (E,F). If
v

Ti,...,Th—1,8 € L(G, E), then the n-homogeneous polynomial Q(-) = P(T1(-), -+ ,Th-1(-),S("))
belongs to Un(G,F). If Ty =+ = Ty then |Qlla,c,r) < eI 1)1 e, 1Pl (5,1

In particular, if S € L(G,E), yv1,...,7% € EF', k <n and a € E, then v1...7%(Px o S) €
A.(G, F); and if v € E' then:

(@) ¥ (Pyn-108) € Un(G, F) with ||y (Pyn-108) |, 6,7y < el 1" Hlal" " HIP oy, (.7 1S (6. ) -
(b) V(Pa o S) € Un(E, F) with |v(Pa o S)la, (5,r) < ellyIllallllPley, iz, I1S1m-

Proof. It remains to prove the norm inequality in the case Ty = --- = T,,_1 = T, since the rest was
proved in Lemma 2.1.1. Suppose moreover that ||S|| = ||T] = 1.
As in Corollary 2.1.7, we can write @ in the following useful way:

n—1
Q) = —— S WP (0= )T () + S(x),

2 () — 1)n—1
n?(n—1)» =
where 7 is a primary root of the unit. Thus, defining, for each 0 < j < n — 1, the linear operator
Sj(x) = (n— 1)rIT(x) + S(),

we have that
1 1 n—1 .
@ 1)1 jZOT](POSj)'

:ﬁ(n—

Therefore, @ belongs to A, (G, F).



2.1. Definitions and general results 29

For the estimation of the norm, it is enough to consider the case ||S| = ||T'|| = 1. Since
||SjH <n, for every j =0,...,n — 1, we obtain

n—1
1 n n

1
1@, (e, ) < ﬁm”HPH%(G,FW = WHPH%(G,F) <e|Plla,(c,F)-
v
For the particular cases, just note that 4" 1 (Pn-108) (z) = P(y(x)a, - ,v(x)a,S(x)), and
v
V(Pa o S)(x) = P(y(x)a, S(x),---,5(x)). 0
As a consequence of this lemma we obtain the following.

Lemma 2.1.18. Let 2, be an ideal of n-homogeneous polynomials, let T € L(E,F) and fiz a
nonzero yo € E'. Then vy T € A, (E, F) if and only if y" 1T € A,,(E, F) for every v € E'.

Proof. Pick a € E such that yg(a) # 0. By Lemma 2.1.17, 4! (’yg*lT)an_l € A, (E, F). We have

3 5T s () = T (@) @) 4+ (0= 0(@) 0w T(a) ).

Therefore
—1
n=1py () — n n=ly(An=lpy oy _ " n—1/. . n—2p
("7 () ot 70007 Dant () = == (0 () (@)" T (e) )
and then v~ 1T belongs to A, (E, F). O

Now we can define, for a fixed polynomial ideal 2,,, an operator ideal 2, and a complete norm
on it. This norm also has some interesting properties that we present in the following proposition.

Proposition 2.1.19. Let 2, be an ideal of n-homogeneous polynomials. Define, for each pair of
Banach spaces E and F,

WE,F)={T € L(E,F)/v"'T € U,(E,F) for ally€ E'},
with ||Tllle,ry = supses,, 17" Tlla,(5,r)- Then
(a) A is an ideal of operators and A(E,F) = {Pynu-1 € L(E,F)/ P €A, (E,F),a € E}.
®) I ey z,ry is @ norm on A(E, F') and satisfies
Tl ry = TNl 2e,ry,  for every T € A(E, F).
Moreover, (QI(E,F), Ill - |||Q((E7F)) is a Banach space.
() WS o Tllae,r) < ISeEmllT ez,Fy for every S € L(F, F1) and T € A(E, F).
(d) If Ey is a subspace of E with norm 1 inclusion i : Ey — E, then

T o illao ) < T llae ), for all T € A(E, F).
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Proof. (a) Clearly the sum and multiplication by scalars of members of 2 is again in 2. So, to
prove that 2 is an ideal of operators, we have to show that it behaves well with compositions.

Consider T' € A(E, F), R € L(E1,FE) and S € L(F, Fy). Let us prove that SoToR € A(Ey, Fy).
Let v € E' such that yo R # 0. Then " 'T € %A, (E,F) and n = yo R € E}. By Lemma 2.1.18,
it suffices to show that n"~! (S oTo R) € A, (Eq, F1). This follows from the equalities:

(77"71(5 oTo R))(m) =" (R(z))S(T(R(2))) = (So (v*'T) o R)(z).

Therefore 2 is an ideal of operators.

To prove the equivalent definition of 2, suppose T' = Pyn—1 with P € 2,(E,F) and a € E.
Then by Lemma 2.1.17, ¥* T belongs to 4, (E, F), for all v € E', and thus T' € A(E, F).

Conversely, if T € (E, F) then y"~'T € 2,(E,F) for every v € E'. Let a € E such that
v(a) =1, then P =ny" 1T — (n — 1)T(a)y" is in A, (E, F) and Py =T.

(b) It is straightforward to prove that we defined a norm.

Let T € A(E, F), take x € Sg such that |T(x)|| > |T|zE,r) — ¢ and v € Spr such that
|v(x)| = 1. Then,

I e,y > 17" Tl .y = 1V Tlhpn i,y 2 17(@)" T @) > 1T 2o,y — €

Since this is true for every € > 0, we have that |[|T(|ag,r) > [T 2(5,F)-

Let us see that (Ql(E, )l - H‘Q{(E7F)) is complete. Suppose » ;o | Tkl|ak, ) is convergent.
Then ) pcn 1Tk |l (2, F) is convergent. Therefore there exists 7' € L(E, F') such that 3, Ty — T in
L(E,F).

For each v € Sg/, we know that v 'T}, € %, (E, F) and 7" ' Ti|lay, (5,7) < 1Tkl s, p)- Thus,
> x V" M converges in A, (E, F) and its limit has to be "~ !T. Therefore, T belongs to A(E, F).
Moreover, since

sup ||y"! Z Ty, < sup Z H’Yn_lTkHan(E,F) < Z 1Tl py — O,
YES g k>N 1 (B.F) YESE k>N k>N

as N — oo, we have that ), T, — T in (QL(E, F) - H]Ql(EF))
(c) For every S € L(F,Fy) and T € A(E, F), we have:

1S o Tlloe, ) = sup 7" 1S o Ty, (E,/y) = sup [|So (’ynilT)HQ(n(E,Fl)
’YGSE/ 'yESE/
< NSl sup IV Tla,e.r) = 151 cmm 1T e, r)-

YES !

(d) Let T € A(E, F) and 7 € E|,. Consider 4 € E’ a Hahn-Banach extension of y preserving its
norm. Then

|

Taking supremum we have that

'V”_l(Toi)H

(o0 YT o) = |G T) 0 illgy gy ) < 17" Tl

A (Eo,F) - ‘ Ay (Eo,F)

T o illaczy,ry < NIT oy, F)-
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The following proposition shows that the norm defined on 2 is “almost ideal”, in the sense that
satisfies the ideal condition up to a constant.

Proposition 2.1.20. The norm ||| - ||| defined on Proposition 2.1.19 satisfies the “almost ideal”
property: for Banach spaces E and F, there exists a constant ¢ > 0 such that, for all Banach spaces
Ey, Fy and all operators R € L(E1,E), T € A(E,F) and S € L(F, Fy), it follows that

(1S oT o Rllae,,ry) < cllSlcEmllT e, m | Rl 2E,E)-

Proof. The left composition was proved in Proposition 2.1.19 (¢).
For a fixed Banach space E; and a fixed operator R € L(E1, E), consider

(UE,F), Nl Ne,r) — (AELE)N - N, )
T — ToR

An application of the Closed Graph Theorem gives the existence of a constant cg, r > 0 such that

IT o Rl 7y < ca,rIIT e, F)-
If we apply again the Closed Graph Theorem for

[,(El,E) — E(Ql(E,F),Q[(El,F))
R — Or(T)=ToR,

we obtain that there is a constant cg, > 0 such that
IT o Rlllae,,py < canllT e, | Rl 2y, p)- (2:3)

Now suppose that the result is not true. Then there are Banach spaces Ey, and Ry € L(Ey, E),
| Re|l (B, m) = 1, for all k € N, such that

T o Rillaz,, ) > k-

Let Ey = @y Ex, and Ry € L(Ey, E), Ry, = Ry, o T, where 7, : Ey — Ej is the (norm one)
projection. Denote by i : Ey — Ej the (norm one) inclusion. So we have

k< T o Rillae,,ry = IT o Ry o w0 il )

= |IT o Ry, o irllom,.ry < IIT © Rilllazo.r)s

the last inequality following from Proposition 2.1.19(d). Also, by (2.3),

T o Rillloro,ry < crollTllam, my | Billcemo,m) < ol T llom,F),

which leads to a contradiction.
O

Now we present a result that shows how to convert an “almost ideal” norm into an ideal norm.

Proposition 2.1.21. Let 2 be an operator ideal with norm ||| - |||o that satisfies the “almost ideal”
property. Then we can define an equivalent norm || - ||o which is an ideal norm on 2.
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Proof. We first define a norm || - || in the following way. For T € 2(E, F), let
1T,y = sup{lllS o T o Ry, ) = B, F1 Banach spaces, ||S||cmm) = | Bllce,z) = 1}-

It is easy to see that [ - ||y is a norm on 2 equivalent to ||| - [||ar. Also, it is clear that satisfies the
ideal property:

1S 0T 0 Rlfas, my < ISllece iy Tl | Bll e )
Last, if k = HZ‘dCH{Z(((C,(C) then the norm || - ||o defined by

1
1T \loue, 7y = E”TH/QL(E,F)
is an ideal norm equivalent to ||| - |||a. O

Remark 2.1.22. When applying the previous proposition to our context (that is, 2, a polynomial
ideal and (2, ||| - |la) as in Proposition 2.1.19), using Proposition 2.1.19 (i7), we can simplify the
definition of || - ||§:

1T,y = suP{llIT © Rlllay(z, ) = E1 Banach space, ||R| g,z = 1}-

Then considering

Iy,
Tl = T
tacllgc,c)
we obtain an ideal norm on 2 equivalent to ||| - |||l. Moreover,
kK = |z z||'ﬁ((c7(c) = sup{|[|(z — 2) o ¢l ) : E1 Banach space, ¢ € Sgr}

= sup{|[l¢llaye,,c) : E1 Banach space, ¢ € Spr}
— sup{|" lla,(zr.c) : Er Bamach space, ¢, € Sgy ).
Thus by Corollary 2.1.7 we have that 1 < k <e. O

We now can prove the existence, for any polynomial ideal, of a compatible operator ideal:

Proof. (of Theorem 2.1.16) Consider the normed ideal (2, || - ||2), with
UE,F)={T € L(E,F)/ " 'T € A,(E,F) for all y € E'}

and || - ||y given by Remark 2.1.22 (i7). By the equivalence with ||| - |||o and Proposition 2.1.19 (b),
for each E and F Banach, (A(E, F),|| - |lagg,r)) is a Banach space.

Let us check that 2, is compatible with L.

It is clear, by definition, that if 7 € A(E, F) and v € E’ then 4"~ 'T € A, (E, F). On the
other hand take P € ,(E,F) and a € E. By Proposition 2.1.19 (a), P,n—1 belongs to 2A(E, F).
By Proposition 2.1.3 we conclude that 2(, is compatible with 2. We can moreover estimate the
constants of compatibility. For the first one, by Lemma 2.1.17 (a),

- €\ i
T P o R < el Py

1
Pn— = - S 5 ‘
1Pan—t o py = - sup ~ sup U(ELF) K

Eq Banach ||'y||:1
RESL(Ey,B)

For the other constant we have,

n—1

=
[ Ko | PR

V" Tl 2,y = vl < V" T Mo,y < &I HIT i, -

The fact that 2 is the only ideal of operators compatible with 2(,, follows from Proposition
2.1.5. O
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Thus every polynomial Banach ideal is compatible with an operator ideal. We showed that
absolutely 1-summing polynomials are not compatible with absolutely 1-summing operators. Then
the question that comes up now is which is the ideal of linear operators which is compatible with
the absolutely 1-summing polynomials.

As the following example shows, the unique compatible operator ideal may be far from “natu-
ral”. Note, however, that this unnatural compatibility has some interesting consequences.

Example 2.1.23. The ideal 11 of absolutely-p-summing n-homogeneous polynomials s compatible
with L, the ideal of continuous linear operators, with constants A =e and B = 1.

Proof. Obviously, for P € TI}(E, F) and a € E, Pyn—1 belongs to L(E, F) and
1Pan—1ll 2,7y < ellPllpnis,mllal"™ < el Pl e,mllal"

For the other condition, let T' € L(E, F) and v € E’, then, for all z1,...,2,, € E,

1 m p

& n— »\ p |y (z5)] - Wo1\P
(Xlormel)” < i | 30 (g ir-iri =)

m P
- 7 ()] -l
Y Z( S (e sl
m P
< IMITI sop | Sl @ | = T ey ()™
'€ B! .

Thus, v~ 'T is absolutely p-summing and

H’YnilTHHg(E,F) < HTHL:(E,F)H’YHHA-

O

Corollary 2.1.24. Suppose that II}(E, F) C ,(E, F) and that 2, is compatible with Ay. Then
A (E,F) = L(E, F).

Proof. This is just a special case of Proposition 2.1.5. U

It is well known that every absolutely summing operator is weakly compact (see for example
[DJT95, Theorem 2.17]). In [Bot02] it was shown that not every dominated polynomial is weakly
compact by exhibiting an example of a polynomial from ¢; to ;. We now show how the concept of
compatible ideals can be easily applied to prove that not every absolutely p-summing homogeneous
polynomial is weakly compact.

Corollary 2.1.25. FE is reflexive if and only if every absolutely p-summing n-homogeneous poly-
nomial (from E to E, n > 2) is weakly compact.

Proof. We know from the examples that the weakly compact homogeneous polynomials are com-
patible with the weakly compact operators (Lw i ~ Py ). Suppose that I} (E, E) C Py i (E, E).
Then, by the previous Corollary, we have that L(E, E) = Ly g (FE, E) and thus E must be reflexive.

Conversely, if F is reflexive, every homogeneous polynomial is weakly compact. O

Analogously we can prove that every absolutely p-summing n-homogeneous polynomial from E
to F' (n > 2) is weakly compact if and only if every linear operator from E to F' is weakly compact.
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2.2 The smallest and the largest compatible ideals

Consider a normed ideal 21 of linear operators. In this section we define normed ideals of n-
homogeneous polynomials, ./\/lgl and F, Ql, compatible with 2 with the following property: if 2, is
another ideal compatible with 2 then for each FE, F',

FUE,F) C %,(E, F) c MNE, F).

In other words, M2 y F2 are, respectively, the largest and the smallest ideal of n-homogeneous
polynomials compatible with 2I.
Define, for Banach spaces E and F,

MXE,F)={P e P"(E,F) /Py € UE,F), Va € E} (2.4)
with norm
[Pl rz e,y = ||ST|l£)1 | Pan—1 |2, 7)-
Also, we define
FME,F)={PeP"(E,F)/P=> +'T}, T, e WE,F), v; € E'} (2.5)

=1

with norm

Pl 72 (g,F) == inf {Z ||'Yz'||n—1HTi||Q((E,F)} ,

i=1
where the infimum is taken over all possible representations of P as in equation (2.5).
In the case of 2 being complete, we define also

NYE,F)={PeP"E,F)/P= Z'y" T} (2.6)

where T; € A(E, F), v; € E" and Y72, [l | T3 ||, ) < 00, with norm
oo
| P2 g,y = inf {Z H%II“IIEHM,F)} ;
i=1
where the infimum is taken over all possible representations of P as in equation (2.6).

Remark 2.2.1. It is easy to prove the following isometric identifications for the previously defined
ideals:
M(E,F) £ P Y(E,A(E, F)),

FME,F) = 79" YE,A(E, F)),

NXE,F) L Py Y (E,AE,F)).

Now we show that these polynomial ideals are the extreme cases among those compatible with
A
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Proposition 2.2.2. Let 2 be a normed ideal of linear operators. Then:

a) M is the largest normed ideal of n-homogeneous polynomials compatible with 2A.

b) F2 is the smallest normed ideal of n-homogeneous polynomials compatible with 2.

c) If A is complete, then ./\/'3[ 1s the smallest Banach ideal of n-homogeneous polynomials com-
patible with 2.

Moreover, in all the cases compatibility constants are A = B = 1.

Proof. a) It is clear that M% is a normed ideal of n-homogeneous polynomials. Moreover, if 2, is
compatible with % and P € 2, (E, F), then P,n-1 € A(E, F). Therefore P € M*(E, F) and hence
A, ¢ M2,

It remains to verify that M2 is compatible with 2. Condition (i) is clearly satisfied with
constant A = 1.

To see that MZ satisfies (ii), let T € A(E, F), v € E' and a € E. We have

"L @) T(a)y.

Then, (V" 'T)yn-1 € A(E,F) and therefore, y*~'T ¢ MZ(E,F). Moreover, by the triangle
inequality,

1
(" g1 = —7(a)" ' T +

1" ) e, py < I HIT g,y llal ™
Thus (i7) is satisfied with constant B = 1.
The proof of b) is a simpler version of the proof of c).

c) It is easy to see that A% is a normed ideal of n-homogeneous polynomials. Completeness
follows from Remark 2.2.1.

We now prove that if 2, is a Banach ideal of n-homogeneous polynomials compatible with 2l
(with constants A and B) then N%(E, F) C 2,,(E, F). Consider P € NX(E, F) with representation
P =Y 9"'T;, where T; € A(E, F), v; € E'. For every k € N, by the compatibility of 2, with

2(, we have that Zle YT € A, (B, F). Moreover, the series is convergent in 21,,(F, F) since

oo oo
DI Tl < BY Il I Tl -
i=1 i=1
Hence P € A, (E, F) and || Plla, (5,r) < Bl Plx2 (g, p)-
Finally, we prove that AN® is compatible with 2. It is immediate that (ii) is satisfied with
constant B = 1. To prove (i), consider @ € E, and P € N2(E,F) and choose a representation
P =Y v"T;. Then

[e.o]

1 _
Pt = 3 |7+

i=1

n—1

~ %(a)"QiFi(a)%] :

For each k € N, S8 | [1o;(a)" T, + 22v,(a)" 2T} (a)y;] € A(E, F), and

o
< (Z H'YiHn_lHTiHQL(E,F)> laf"~t,
i=1

for every representation of P. Since 2 is a complete ideal, we obtain that P,»—1 € 2(FE, F') and

[e.9]

D

=1

1 _ n—1 _
E%(a)” T, + - Yi(a)" 2Ty (a)v;

AE,F)

1Pan=1 g,y < lall" I Pllnca s,

for every a € E. Thus (i) is satisfied with constant A = 1. O
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Remark 2.2.3. Note that if 2 is any operator ideal, the polynomial ideals M2, F2* and N are
always different. Indeed, in the scalar valued case we have:

MNE) =P(E), FNE)=PHE) and N(E)=Py(E)

with equivalent norms. This means, in particular, that for any operator ideal, there are always
several different polynomial ideals compatible with it.

The following proposition is an immediate consequence of the definition of M2, F and N2
It provides a kind of converse of Proposition 2.1.5 for the special cases of largest and smallest
compatible ideals:

Proposition 2.2.4. Let A and B be normed operator ideals. If for some E and F, A(E,F) C
B(E,F), then for alln > 1, M*E,F) C M2(E,F) and FE,F) C F2(E,F). If A and B are
complete, then we have also that N2(E,F) C N.2(E, F).

Proposition 2.2.2 allows us to obtain the following characterization of all the polynomial ideals
which are compatible with a given operator ideal.

Proposition 2.2.5. Let 2 be a normed operator ideal and 2, a normed ideal of n-homogeneous
polynomials. Then the following are equivalent

(1) Ay, is compatible with A with constants A and B

(i) For every Banach space E, F, we have inclusions

FUE,F) & 4,(E, F) & MA(E, F),

with 71|l < A and [|j2|| < B.

2.3 Composition ideals

In this section we relate the compatibility concept with composition ideals. We prove that if we
have compatible ideals and compose them with closed operator ideals then the resulting ideals are
compatible. A similar result follows if we compose any operator ideal with a closed polynomial
ideal.

Proposition 2.3.1. Let 2 be a normed ideal of linear operators and 2, a normed ideal of n-
homogeneous polynomials compatible with A with constants A and B. If € and B are closed operator
ideals, then € o2, o B is compatible with € oA o B with constants A and B.

The proof is analogous to the proof of Proposition 3.1.21, so we will not do it here.

Now we turn our attention to the composition of a closed polynomial ideal with arbitrary oper-
ator ideals. As a particular case, if B is an operator ideal, the composition ideal P" o8B is analogous
to the Pietsch Factorization method of multilinear mappings. In [BBJP06] the authors norm the
polynomial ideal obtained by this method considering in equation (1.1) all the factorizations of the
multilinear operator P rather that the factorizations of P. That is, the norm for the polynomial
ideal keeps the multilinear essence of Pietsch method. Although for a fixed n the norm given by
(1.1) and the norm in [BBJP06] are equivalent, the equivalence constants depend on n. Therefore,
compatibility constants for P o3 do not follow from the analogous properties of the norm defined
in [BBJP06]. The following proposition can be proved as Proposition 3.1.22.
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Proposition 2.3.2. Let 2, be a closed ideal of n-homogeneous polynomials compatible with a closed
operator ideal . If B and € are normed ideals of linear operators, then € o2, 0B is compatible
with € o A o B with constants A=e and B =1.

Example 2.3.3. Let 1 < r < oo, the ideal of r-dominated n-homogeneous polynomials D] is the
composition ideal P™ o II,. [Sch91], where II, is the ideal of absolutely r-summing operators. Thus,
by above proposition, D} is compatible with II,, with constants A =e and B = 1.

Similarly, for 1 < r < oo, the ideal P, of r-factorable n-homogeneous polynomials is compatible
with the ideal of r-factorable operators with constants A = e and B = 1.

2.4 Interpolation of ideals

In this section we will show that interpolation of compatible ideals give as a result new compatible
ideals. We first recall some facts about interpolation theory (see [BL76]).

Let Xo and X; be two normed spaces. We say that X = (X, X7) is a compatible couple if they
are both subspaces of a Hausdorff topological vector space. Then we can form their sum Xy + X3
and their intersection Xg N X;. If we define

lallxonx, = max{flallxollallx.},  lallxo+x, = _inf {llaollxollarllx.},

then X+ X7 and XyN X7 become normed spaces, which are complete if Xy and X are comlete. A
normed space X is an intermediate space between Xg and X7 (or with respect to X) if Xo N X; C
X C Xo + X1 with continuous inclusions.

Example 2.4.1. For 2,,*B,, any pair of normed ideal of n-homogeneous polynomial, F, F any
Banach spaces, the couple (2, (E, F'),B,(E, F)) is a compatible couple, since they are included in
the space of continuous n-homogeneous polynomials P (E, F').

If 2, be any normed ideal n-homogeneous polynomial, then 2, (E, F') is an intermediate space
for the compatible couple (Py (E, F), P™(E, F)).

Remark 2.4.2. Let 2 be a normed ideal of operators, and A, an normed ideal n-homogeneous
polynomials, then Proposition 2.2.5 may be rephrased as: U, is compatible with A (at (E,F)) if
and only if A, (E, F) is an intermediate space for the couple (F2N(E, F), M*(E, F)).

Let X and Y be two compatible couples, then we say that two spaces X and Y are interpolation
spaces with respect to X and Y if X and Y are intermediate spaces with respect to X and
Y respectively, and if T : X — Y (this means that T|x, : Xo — Yp and T|x, : X1 — Y1
are continuous) implies that 7" : X — Y is continuous. If ||T|xy < ||TH§(O,YOHT||;?Y1’ with

0<6<1(T|xy < max{||T||xo,vo, |T]|x:,v:}) then X and Y are called exact interpolation
spaces of exponent 6 (exact interpolation spaces).

An interpolation functor (or interpolation method) is a functor F' from the category of com-
patible couples into the category of normed (Banach) spaces such that if X and Y are compatible
couples then F(X) and F(Y) are interpolation spaces with respect to X and Y. Also, F(T) =T
for all T : X — Y. We shall say that F is an exact interpolation functor (of exponent 6) if F(X)
and F(Y) are exact interpolation spaces (of exponent @) with respect to X and Y.

The most commonly used functors of interpolation are the complex method and the real methods

K and J. We will briefly describe and apply the complex method in Section 3.2.5.
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If 22 and 2. are normed ideals of n-homogeneous polynomials and F is an exact interpolation
functor (or exact of exponent #) and for each Banach spaces E, F, we denote F(2,)(E,F) =
F(,(E, F)) then F(2,) is a normed ideal of n-homogeneous polynomials since the ideal prop-
erties can be rephrased as the continuity of certain linear operators. Similarly, the compatibility
conditions can be described by the continuity of the linear operators

A, (E,F) — A(E,F) and AE,F)— A, (E,F)
P = P T - LT,

for every a € E/, v € E'. Thus we have:

Proposition 2.4.3. Fori = 0,1, let 2! be an ideal of n-homogeneous polynomials compatible with
the operator ideal A* with constants A; and B;, and let F is an exact interpolation functor (of
exponent 0). Then, the polynomial ideal F(2,) is compatible with the operator ideal F (L) with
constants max{Ag, A1} (At7%A%) and max{Bo, B1} (By "BY).

2.5 Relation with tensor norms

The aim of this section is to relate the concepts of compatibility with tensor norm properties. Given
an operator ideal 2, a symmetric n-tensor norm « and Banach spaces E and F', we can define
A,(E, F) = A(QL° E, F), where we identify P with the linear operator Tp (i.e, P € A, (E, F) if
and only if Tp € U@, E, F) and [|Plls, 2,r) = [|TPlla@m* £,r))- Since a is a tensor norm and
2 an operator ideal, it is easy to see that 2, is a normed ideal of n-homogeneous polynomials. We
have also

Proposition 2.5.1. Let a be a symmetric n-tensor norm and A an operator ideal. Then, the
polynomial ideal A,,(E, F) = A(Qn° E, F) is compatible with A, with constants A = e and B = e.

Proof. Let us check condition () of Definition 2.1.2. Take P € 2, (E,F). For a € E, we define
Qn1: E— Qu° E by
Opn-1(z) =0(a® - ®a®x).

By Lemma 2.1.6, ®,»—1 is continuous and
n,s _
@(@pn-1(2): Q) E) < ella]" .

Moreover, Pyn-1(z) = (Tp o ®4n-1)(z). Then, P,n—1 belongs to A(E, F) and

1P o,y < TPl i) 1@ an-1 | @ By < ellall™™ 1Pl m,m),

which gives condition (i) with A = e.
Now we prove condition (). For y € E’, define U n-1 : Q1 E — E, as U.n1(2") = ()" 'a.

n

To see that U »-1 is continuous, it is enough to consider the case a = ¢;. If 2 = Yo al, we
have
m m
1 ()e = | D v@)" a| = sup | v(@:)" ()
i=1 B #PE iz

= sup [(v" e, 2) < sup [V ollpn(myes(z)
pEBE pEBE
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By Corollary 2.1.7, ny"flgoHp?(E) <elly["lell, so ¥ n-1 is continuous and
1| < el

Take now u € A(E, F). Since Thn-1,, = w0 V. n-1, we have T\n-1, € AU(Q,° E, F). Therefore,
7"y € A, (B, F) and

V" ullay, 5,7y < Nlullacs,my[Pyn-1l] < elly)" s, r),
from which (ii) follows, with constant B = e. O

The previous proposition gives a simple way to obtain a great variety of compatible polynomial
ideals from a fixed operator ideal. Recall that, on the other hand, given a polynomial ideal, there
exists only one operator ideal compatible with it.

We use the results of this section to prove that the ideals P3; and P of Piestch and Grothendieck
integral polynomials are compatible with the ideals of Piestch and Grothendieck integral operators.

First, recall that Pp;(E, F) = Lpr(QL° E, F) and Py (E, F) = Lo1(Q° E, F) isometrically
[CLO05, Vil03].

Corollary 2.5.2. The ideals Pp; and P are compatible with the ideals of Piestch and Grothendieck
integral operators respectively, with constants A =1 and B = e.

Proof. By Proposition 2.5.1 we have the compatibility with constants A = B = e. But in this case
it is easy to see that we can take A = 1. Indeed, let ®,.-1 be the operator defined in the proof of
Proposition 2.5.1 and take x € E. Then

n,s n,s _ —
&:(Pur1(@), QT B) =es(0(a® - awa). QT E) = sup (@) y(@)| < lal* o]l
Y&LE

Therefore ||®n-1|| = |la]|*~L. .

If 20 is a maximal operator ideal, by the representation theorem [DF93, Section 17] there exists
a finitely generated (2-fold) tensor norm ([ such that:

[~

AE, F)
AE, F)

(E®s F') NL(E, F)

< (E®sF)

In this case, we write 2 = Lz and say that 2 is dual to the tensor norm (. Floret [FloO1]
extends these concepts to the polynomial setting with the introduction of mixed tensor norms. We
recall his definitions:

Definition 2.5.3. (i) A mized tensor norm ¢ of order n+1 is an assignment of a norm on @"™° EQF
to each pair (E, F') such that

(2) I(®"121,K " CxC)=1

(b) ¢ satisfies the metric mapping property.

(ii) A polynomial ideal 2, is dual to the tensor norm ¢ (we write A, = Py') if for every E, F,

(B, F) = (R EwF,5) NPYE,F)

A (E,F') =
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A polynomial ideal 2(,, is maximal if and only if it is dual to a finitely generated mixed tensor
norm ¢ (see [Flo01, 7.8]).

Following [FHO02], if v is a symmetric n-tensor norm and [ is a 2-fold tensor norm, we denote
(c, ) the mixed tensor norm on ®™° E ® F given by

(Q" EaF(.8) Q. EosF.

If A = L and 2, is the polynomial ideal given by 2, (E, F) = A(Q.° E, F), it follows that
2, is dual to (a, 8). In particular, if @ and (3 are finitely generated, 2, is maximal.

In [FHO2, 4.2], it is conjectured that not every maximal ideal is dual to a mixed tensor norm of
the form («, 3). We now show that this conjecture is true, presenting a maximal polynomial ideal
that is not dual to any («, ) norm. First we need the following result, which is of independent
interest:

Proposition 2.5.4. Let 2 be an operator ideal and 2, an ideal of n-homogeneous polynomials
compatible with A. If A, = 73("(17[3) for some 2-fold tensor norm [ and some symmetric n-tensor
norm «, then:

a) A= Lg;

b) A (E,F) =AQ°E,F).

Proof. We have 2,,(E,F) = (Q"* E®g F') N P*(E,F) = Ls(®"* E, F). Then, by Proposition
2.5.1, 2, is compatible with £L5. By uniqueness of the compatible operator ideal (Proposition 2.1.5),
A=Lg. O

In [CDSPO7] it is shown that the ideal of r-dominated n-linear forms is maximal and a finitely
generated n-tensor norm is presented to which it is dual. Using the same ideas we prove an
analogous statement for vector-valued polynomials.

For z € @"* E ® F we define

M@ B @ F) = inf {w (@) u(W)i) z—zx @i},

1
where ;- + 2 =1 and £ ((y:)12%) = (72 llwil*) ™

Proceeding as in [DF93, 12.5] it can be seen that ¢/ is a finitely generated mixed tensor norm.
Also, we have:

Lemma 2.5.5. D} is dual to the mized tensor norm 6. In particular, D}’ is a mazximal polynomial
ideal.

Proof. We show that D'(E,F') = (Q™*F ® F,6"). In a similar way it can be proved that
DB, F) = (Q™ E® F',§") N P*(E, F).
Let P e DME,F') and z € (Y™ E® F,0"). For any representation z =y ., 2" ® y;, we have

i=1 Y5

(P z)| = Cu((Yi)iZa)lz ((P(24))iZ1)

< IIPIIDg(E,F/)wr((wz)izl)”fu((yz')?ll)-

This is true for any representation of z, thus P € (Q™"E ® F,d;)" and ||P| (g™ persmy <

1Pllpg (71 -
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Conversely, let P € (Q™* E® F,d;'), choose € > 0 and a sequence (z;)!"; C E. Then for each
i=1,...,m there exists an element y; € B, such that ||P(z;)| < P(x;)(y;) + . Also, we can find
a sequence (\;)™; of positive numbers, with £, ((\;)1%;) = 1, such that Y7 Ni(P(z;)(yi) + =) =

£ (P (i) + )1, ) Then

(inpwu%)? < (i(% ‘+%);>;
= i=

;) (y:)
3 Ai (P(xz‘)(yi) + %)

[y

i—1

~

< <P,Z$?®)\z’yi>+5
i=1
< NPl @™ marsnywr(@i)iZi) u((Niyi)iZ1) + €

Since £,((A\iyi)"y) < 1 and this is valid for any ¢ > 0, we have that P € D}(E,F’) and
HPHDﬁ(E,F’) < HPH(®"7S EQF,m) - 0

Corollary 2.5.6. For any n > 2, the ideal of r-dominated n-homogeneous polynomials D} is
mazximal but is not dual to any mized tensor norm of the form (o, f3).

Proof. We have seen that D]’ is maximal in the previous lemma. Suppose that there exists n such
that D' = 73(”&7 ) for some 2-fold tensor norm (8 and some symmetric n-tensor norm .

Since the ideal of r-dominated polynomials is compatible with the ideal of absolutely r-summing
operators, the previous proposition would assure that D'(E, F) = IL,(Q~° E,F). Now consider
E =F =/ and P € P"({1,4;) given by

o
P(x) = Z Tie;.
j=1

Since P factors through the absolutely 1-summing inclusion ¢; < ¢, P is r-dominated for all » > 1
(in particular, for r > n). However, we have that Tr(e]) = e;, and therefore Tp € L(Q,” l1,/1)
cannot be weakly compact (independently of the choice of ). Consequently, Tp is not absolutely 7-
summing, which leads to a contradiction. Therefore, there is no o and /3 such that D]’ = 73&7 ) O

Note that the previous corollary also gives the following:
Corollary 2.5.7. There are mized tensor norms that are not equivalent to any (c, 3)-norm.

Since there are mixed tensor norms that are not of the form (a, (), it is now desirable to
point out conditions on a mixed tensor norm (or a sequence of mixed tensor norms) that ensure
compatibility (or coherence) with an operator ideal.

For a € F and v € E’ we define the following mappings:

F E®F — Q"EQF v QMWE®F — EQF

n—1

r@y — o 'er)ey " ®y — ()" lrey

Note that each of the conditions (z) and (i7) of Definition 2.1.2 can be seen as dual to continuity
properties of the mappings defined above when we consider F’ instead of F'. This allows us to state
the following result.
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Proposition 2.5.8. Let 8 be a 2-fold tensor norm and § a mized tensor norm of order n + 1.
Then, 735 is compatible with Lg (with constants A and B) if and only if the mappings @an 1
and \Ilw,l are [3-to-0 and 0-to-f continuous for every E and F, (with H‘I>57:,1H < Alla||™ ! and

18|l < BllylI™=*)-

2.6 Maximal, minimal and adjoint ideals

In this section we show that compatibility is preserved by some other natural procedures usually
applied to polynomial ideals. First we consider the adjoint of a polynomial ideal. We show how to
construct the adjoint of a vector-valued normed polynomial ideal. This is vector-valued version of
[Flo01, 4.3] (see also the Preliminaries 1.2.1).

Let 2L, be a normed ideal of n-homogeneous polynomials. For each pair of Banach spaces E and
F', we define the adjoint ideal A (E, F') as a vector-valued version of [Flo01, 4.3]: for M € FIN(E),
N € FIN(F) we define A the mixed tensor norm of order n + 1 given by

(@”’SM ® N, )\) L 91, (M, N).

That is, z = Y 2l ® y; € Q"M ® N is associated to P* € 2,(M’',N), where P*(z') =

22 @ (@:)"ys; and A(z; Q™ M @ N) = [|[P*[lay, (7, ) -
For z € " E ® F, we define

(Z;®n’sE ® F) = inf{)\(z;®n7sM® N)} ’

where the infimum is taken over all M € FIN(E), N € FIN(F) such that z € @"* M @ N.
Finally, the adjoint ideal 2 is

6B, F) = (@ BeF ) P(EF).

Proposition 2.6.1. Let 2 be a normed operator ideal. If A, is a normed ideal of n-homogeneous
polynomials compatible with 2 with constants A and B, then 2L}, is compatible with A* with constants

B and A.

The proof is analogous to Proposition 3.1.30.
To take maximal hulls of the ideals 21 and 2(,, also preserves the compatibility. Indeed, since
A% coincides with 20**, we have the following:

Corollary 2.6.2. If 2L, is compatible with 2L with constants A and B, then A% is compatible with
AMaX with constants A and B.

The results of this section allows us to obtain a different proof of the compatibility of the ideal
of Grothendieck integral polynomials. Since Pg; = (Px)™*, it is an immediate consequence of
Corollary 2.6.2, and Example 2.1.9 that the Grothendieck integral polynomials are compatible with
the ideal of Grothendieck integral operators with constants A = 1 and B = e. The same conclusion
follows using that Pg; = (P")* and Proposition 2.6.1 and Example 2.1.8.

The reciprocal of Proposition 2.6.1 and Corollary 2.6.2 is false in general, see Remark 3.1.33.

Now we consider the minimal hull of a polynomial ideal. Since F is a closed operator ideal, the
following corollary is just a particular case of Proposition 2.3.1.
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Corollary 2.6.3. If 2, is a Banach polynomial ideal compatible with a Banach operator ideal 2,
with constants A and B, then A™™ is compatible with A™™ with constants A and B.

Finally, we relate the results of this section with the largest and smallest compatible polynomial
ideals defined in Section 2.2.

Proposition 2.6.4. Let 2 be a normed operator ideal. Then:

() ()™ L (a2,

(i) (V)™ = ().

Proof. We only prove (i) (the proof of (i7) is similar).

Since M2 is compatible with 2 with constants A = B = 1, its maximal hull (M2)™* is also
compatible with 2™ with constants A = B = 1 by Corollary 2.6.2. Therefore (M2) M
and by Proposition 2.2.5 the inclusion has norm 1.

Conversely, for M, N € FIN we have 2A(M, N) L AmaX(M, N). As a consequence, M>* (M, N) =
MZ™ (M, N) isometrically, which implies that M2 C (M2)™ with norm one inclusion. O

Thus, the last proposition states in particular that if 2 is a maximal (respectively minimal)
normed operator ideal then M2 (respectively N,2) is maximal (respectively minimal).

We also have the following result that establishes a duality relationship between the smallest
and largest Banach polynomial ideals compatible with an operator ideal.

Proposition 2.6.5. Let 2 be a normed operator ideal. Then (./\/}?‘yk = M¥.

Proof. Let M, N € FIN. Then

(N (M, N) = NJM',N'Y
Pt (M A(M!, N
anfl (M, Ql(M/’N/)/)
= P (M, A (M, N))

= MY (M,N),

where second and last identities follow from Remark 2.2.1 and all equalities are isometric.
Since every adjoint ideal is maximal, we have (J\ff‘)* = (./\/l%*)max. Therefore, (./\/l%*)mBLX =
M2 by Proposition 2.6.4 (see the above comments). O

2.7 Some applications

Suppose that we know how to characterize some property of a Banach space F in terms of linear
operators on (or into) it. We now show how the notion of compatibility may be useful to generalize
this kind of characterization in terms of homogeneous polynomials on (or into) E.

Banach spaces whose duals are isomorphic to ¢;(I")

Lewis and Stegall [LS73] characterized Banach spaces whose duals are isomorphic to ¢1(I") for some
set I" in terms of nuclear and absolutely summing operators on E. Specifically they proved
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Theorem 2.7.1. Let E be a Banach space then the following are equivalent:
(i) E' is isomorphic to ¢1(T') for some set T.

(ii) For every Banach space F, 11 (E,F) C Ly(E, F).

(iii) For every Banach space F, II1(E,F)N Lk (E,F) C Ly(E, F).

This characterization was generalized by Cilia, D’Anna and Gutierrez [CDG04], using 1-dominated
polynomials. We will now show this result and some similar characterizations using the concept of
compatibility (see also [BP05] for more results in this direction).

Theorem 2.7.2. Let E be a Banach space then the following are equivalent:

(i) E' is isomorphic to ¢1(T') for some set .

(ii) For every Banach space F, FX1(E,F) C PY(E,F), for every (or for some) n.

(iii) For every Banach space F, FIW(E, F) N FE&(E,F) C PR(E, F), for every (or for some) n.
(iv) For every Banach space F', DY (E,F) C PR (E,F), for every (or for some) n.

(v) For every Banach space F, DY(E,F) N Pp(E,F) C Py (E,F), for every (or for some) n.

Proof. (i) = (ii): by the theorem of Lewis and Stegall above, we have that II; (E F)C Ly(E,F)
for every Banach space F. By Proposition 2.2.4 we have that F1'(E, F) C Py Y(F, Ly (E, F)) =
Py (E,F).

(13) = (vii) is clear.

(7i1) = (7): by Proposition 2.1.5 and the theorem of Lewis and Stegall.

(1) = (dv): it shown in [Sch91] that D} (E, F') = P"oll; (E, F'). On the other hand, P"oLy(E, F) C
Pn(E,F), indeed if T =) vjy; € Ln(E,G), ||viller =1, (||yjlla); € ¢1 and @ € P™*(G, F) then

P@) = QT@) = %@u) = 3 % 15.Qs - 53)

J1seesdn

\
- znnl > Z 51”-%(51%'1+"'+€n’an)"Q(yj1,--.,yjn)~

Tl Jn €150 En=

Since (|le1v, + -+ €nVin ™) jrin € loo and (|QYjys-- -, Yi)l)ir,..in € €1, we conclude that P
is nuclear (this was proved in [CDGO04, Proposition 4]). We know that I, (E, F)) C Ly(E, F) for
every Banach space F', and this implies easily that D}'(E, F)) = P"oIl;(E,F) C P"o Ly(E,F) C
Pn(E, F) for every Banach space F.

(iv) = (v) is clear.

(v) = (i) by Proposition 2.1.5 and the theorem of Lewis and Stegall. O

Asplund spaces

Alencar proved in [Ale85a, Theorem 1.3] that a Banach space is Asplund if and only if Lp;(E, F') C
Ln(E, F) for every Banach space F' and in that case Lp;(E, F) L Ln(E,F). In [Ale85b] he proved
that if £ is Asplund then Pp;(E, F) = Py (E, F) with equivalent norms for every Banach space
F and every n (the isometry was proved by Carando and Dimant in [CDO00, Theorem 1.4]). The
converse (which was first showed by Cilia and Gutierrez in [CG04], see also [CGO05] and [BP05]) is
an easy Corollary of those results and Proposition 2.1.5.

Corollary 2.7.3. E is Asplund if and only if for some n € N, PE,(E,F) C Py(E,F) for every
Banach space F.



2.7. Some applications 45

Proof. We have already seen in the examples that P3; and Py, are compatible with Lp; and Ly
respectively. Thus P}, (E, F) C PR (E, F) for every Banach space F' implies by Proposition 2.1.5
that Lpr(E,F) C Ly(E,F). Therefore by [Ale85a, Theorem 1.3], E is Asplund. The converse is
proved in [Ale85b]. O

Note that we can arrive to the same conclusion using any polynomial ideals compatible with
L PI and £ N-

L -spaces

Stegall and Retheford [SR72] showed that a Banach space E is an L.-space if and only if every ab-
solutely 1-summing operator on F is Grothendieck integral. Cilia, D’Anna and Gutierrez [CDGO02]
proved a similar characterization but using 1-dominated homogeneous polynomials. They proved
that a Banach space F is an Lso-space if and only if every 1-dominated n-homogeneous polynomial
from E to F' is G-integral, for every F' and some n. One implication ([CDGO02, Proposition 3.1]) is
also a corollary of Proposition 2.1.5.

Corollary 2.7.4. If for some n € N, DV'(E,F) C Pg;(E, F') for every Banach space F then E is
an Loo-space.

Proof. We have already seen in the examples that P2, and DT are compatible with Lgr and 11y
respectively. Thus DY(E, F) C Pg;(E, F) for every Banach space F' implies by Proposition 2.1.5
that Dy (E, F) C Lgr(E, F). Therefore by [SR72], E is an Ls-space. O






Chapter 3

Coherent sequences of polynomial
ideals and holomorphic mappings of
bounded type

In this chapter we relate sequences of polynomial ideals of different degrees. We define the concept
of coherence of a sequence of homogeneous polynomials of different degrees and study some of their
basic properties. We associate to each coherent sequence a Fréchet space of entire mappings of
bounded type.

For the case of scalar valued functions we study convolution operators. A result of Godefroy and
Shapiro states that the convolution operators on the space of entire functions on C", which are not
multiples of identity, are hypercyclic. We determine conditions on the coherent sequence that assure
the hypercyclicity of convolution operators on spaces of holomorphic functions on a Banach space.
Some known results come out as particular cases of this setting. We also consider holomorphic
functions associated to minimal ideals of polynomials and to polynomials of the Schatten-von
Neumann classes.

We also study spaces of holomorphic mappings associated to coherent sequences on balls and
more general open sets. Most of the content of this chapter belong to the articles [CDM07, CDMO09,
CDM].

3.1 Coherent sequences

In this chapter we relate sequences of polynomial ideals of different degrees. Our goal is to define
holomorphic functions of a given type as a series of homogeneous polynomials pertaining to ideals
which are related to each other, much in the spirit of holomorphy types defined by Nachbin [Nac69].

As in the previous chapter, the relationship between the ideals of polynomials in the sequence
is given by the operations of fixing a variable or multiplying by a linear functional, motivated by
Proposition 2.1.1.

A difference with the previous chapter is that compatibility has no sense for scalar ideals. This
is because the only scalar ideal of 1-homogeneous polynomials is the ideal of all continuous linear
forms, thus every scalar ideal of homogeneous polynomials is compatible with it.

Definition 3.1.1. Consider the sequence {Qlk}évzl, where for each k, Ay is a quasi-normed ideal
of k-homogeneous polynomials and N is eventually infinite. We say that {Ui}r is a coherent

47
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sequence of polynomial ideals if there exist positive constants C and D such that for every
Banach spaces E and F, the following conditions hold for k=1,...,N — 1:
(i) For each P € U1 (E,F) and a € E, P, belongs to A (E; F) and

1Pl (£,7) < CllPllayy (2. llal

(it) For each P € A (E,F) and v € E', vP belongs to Uy41(E, F) and

¥ P2y s, (£,7) < DIVIIPl2y, &,F)

Let A be a linear operator ideal. We say that the sequence of k-homogeneous polynomial ideals
{Ax}x is a coherent sequence associated to A if {Uy}r is a coherent sequence and Ay = A.

Also, we say that the sequence of k-homogeneous polynomial ideals {2y }1, is coherent at (E, F)
(or simply at E when F = C) if conditions (i) and (ii) are fulfilled for fized Banach spaces E and
F.

Note that if {Qlk}]kvzl is a coherent sequence, then for each kK = 1,..., N, the polynomial ideal
;. is compatible with 2 = 2; with constants A < C*~1! and B < D*~!. Nevertheless, in most of
the natural examples one obtains better estimates.

As mentioned before, our definitions of compatibility and coherence are related to other concepts
studied by several authors. Indeed, property (i) in Definition 2.1.2 implies the polynomial ideal to
be closed under differentiation; property (¢i) in Definition 3.1.1 implies that the polynomial ideal is
closed for scalar multiplication (see [BP05]) and property (7) in Definition 3.1.1 is what in [BBJP06]
is called “polynomial property (B)”. Also, coherent sequences are always global holomorphy types.

Although we are working with complex Banach spaces, it is clear that Definition 3.1.1 (and
also Definition 2.1.2) make sense for polynomial ideals on real Banach spaces. However, Botelho,
Braunss, Junek and Pellegrino showed that in the real case, no sequence of closed polynomial ideals
is coherent, in particular the sequence of ideals of all polynomials is not coherent:

Proposition 3.1.2. [BBJP06, Proposition 8.5] For real Banach spaces, there exists no coherent
sequence of closed polynomial ideals. Specifically, given any sequence of closed polynomial ideals,
there exists no constant C' > 0 such that condition (i) in Definition 3.1.1 is satisfied.

Proof. Suppose that such a ¢ > 0 exists. In [Har97], Harris defines the constants ¢, ,—1, as the
infimum of all constants K which satisfy that

la" =" P|| = n! Sup [1Pall < K[P],
all=

and shows that there exist n-homogeneous polynomials P, € P*((R?, || - [|1)) such that

n! sup [|(Pn)all = cnpn—1[|Pnll-
llall=1
Therefore there exist a,, € Bgz such that n!||(P,)a, || = cnn-1lFnll-
On the other hand, Revesz and Sarantopoulos [RS03] proved that there exist a constant K > 0
such that ¢,,—1 > Knl!lnn for every n € N. Thus, Kn!lnn||P,|| < chn-1l|Pal = nY|[(Pn)a, | <
en!||P,|| for every n, which is a contradiction. O
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Therefore, the concept of coherence for real Banach spaces is too restrictive, since the most
natural sequence of polynomial ideals fails to fulfill it. Note that even in this case, the ideal of all
polynomials of a fixed degree is compatible with the ideal of all operators. This means that the
concept of compatibility could be interesting also in the real case.

The following lemma show a kind of converse to conditions (i) and (7i) of Definition 3.1.1.

Lemma 3.1.3. Let {A;}r be a coherent sequence of normed ideals of homogeneous polynomials
and P € P*(E,F). Then the following are equivalent:

a) Pe Qlk(E, F)

b) vP belongs to A1 (E, F) for all v € E' (or for some nonzero v € E').

¢) For each 0 # a € E, there exists Q € Ap11(E, F) such that P = Q.

d) There exists Q € U11(E, F) and a € E such that P = Q.

Proof. a) = b), ¢) = a) and d) = a) by the definition of coherence. ¢) = d) is obvious.
b) = a): Let R =~P € Aj41(E, F) and choose a € E such that y(a) = 1. Proceeding as in the
proof of [AS76, Proposition 5.3], we can write P as

k+1

p_ ; (k ;L 1> (—1y-14 1R, (3.1)

By the coherence of {x}x, 7/ "1 R,; belongs to Ax(E, F) for each j and we conclude that so does
P.

a) = c): Let P € A, (E,F) and 0 # a € E and take v € E’ such that y(a) = 1. It is not difficult
to check that, for each j = 1,...,n+1, we have ('yjPaj_1)a =il ('yP)aj. Then, by equation (3.1)
we obtain

p- % ("D 0 R, - > ("D in

=1~ 7 .
Clearly, Q = Zfill (k;rl) (=114 P ;-1 belongs to Ay 41 (F, F) by the coherence of the sequence {2y }.
O

We present a result which is the analogous to Proposition 2.1.5 for coherent sequences of poly-
nomial ideals (see also [BP05, BBJP06]).

Proposition 3.1.4. Let {U}r and {By}r be coherent sequences. If for some E and F and some
ko, Ay (E, F) C By, (E, F), then Ay(E, F)  By(E, F) for all k < ko.

As a corollary, we obtain that there can be at most one coherent sequence {Bj}}_, with
B, =2A,.
Let us see some examples of coherent sequences.

Example 3.1.5. Continuous homogeneous polynomials: P.

The sequence {P*}2° | is a coherent sequence with constants C' = e and D = 1. Both results follow
from Corollary 2.1.7.

Similarly, the sequences of approximable, compact, weakly compact, weakly sequentially con-
tinuous and weakly continuous on bounded sets polynomials are coherent with the corresponding
operator ideals.
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Example 3.1.6. Nuclear polynomials: Py

As in Example 2.1.9 it is easy to show that the sequence of nuclear polynomials is coherent
with the ideal of nuclear operators with constants C =1 and D = e.

Example 3.1.7. Integral polynomials: Ppr and Pgr

The sequence of integral polynomials is coherent with the ideal of integral operators, with
constants C' =1 and D = e, as we will see in Section 3.1.3.

Example 3.1.8. Extendible polynomials: P,

As in Example 2.1.11 we can show that the sequence of extendible polynomials is coherent with
the ideal of extendible operators, with constants C' = e and D = 1.

Example 3.1.9. Multiple r-summing polynomials: M,

We set M to be the ideal of absolutely r-summing operators, II,. Let P € M¥(E, F). For
a € E, it is immediate that P, is multiple r-summing and [|Pyl| -1 < [la[[[[P[|re:- Also for any
~v € E’', we have

1 k+1 v
(YP) (21, Tpr1) = 1 Z'y(xj)P(xl, ey Ly Thy1)
j=1

where z; means that this coordinate is omitted. Then, by the triangle inequality,

mi,...,ME41

Yoo GP)Y @l DI <

i1ying1=1
- 1 k+1 [ m1,....mMpqq . v . ,;; - , 1/r
- k——l—ljzl Z‘l,...%—ll @I PE oz Ty
M ey ~ o L
= < Z [y (@) > P2y, 2f, )
J=1 \#;=1 i1yeemyigyeemying1=1
1 k+1 m; . k+1 ‘ 1/r
< e | 2 h@ErIPe T w @i
J=1 \z=1 1=1, I#£]

IN

IRl g e ()7 L0) -+ e (255 20

Hence, yP is multiple r-summing with [|vP[| 1 < [y P[] 0 -

Therefore, {MF} is a coherent sequence associated with the ideal of absolutely r-summing
operators with constants C' = D = 1. Consequently, compatibility constants are also A = B =1
as we said in Example 2.1.12.

Example 3.1.10. r-dominated polynomials: D,

The sequence of ideals of r-dominated polynomials is coherent with the ideal of absolutely r-
summing operators with constants C' = e and D = 1. We will prove this as a particular case of the
composition ideals in Section 3.1.2.

As in the case of compatibility, not all the usual polynomial extensions of an operator ideal
form a coherent sequence.
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Example 3.1.11. The sequence of absolutely p-summing polynomials is not coherent.

This is a consequence of Example 2.1.23, since if the sequence were coherent then the absolutely
p-summing polynomials should be compatible with the absolutely p-summing operators.

One could still wonder which should be the sequence of ideals 2y, ...,2,+1 which is coherent
with 2,41 = Hg“. A reasoning similar to the proof of 2.1.23 proves:

Example 3.1.12. The sequence {E,PQ,...,P",H;LH} is coherent with constants C' = e and
D=1.

From this example and Proposition 3.1.4 we have

Corollary 3.1.13. Suppose that {U1,...,A,41} is a coherent sequence and that HZ‘H(E,F) C
Ani1(E,F). Then Ay(E,F) =PF(E,F) for every k =1,...,n.

In particular, every absolutely p-summing (n + 1)-homogeneous polynomial from E to F' is
weakly compact then every k-homogeneous polynomial from E to F' is weakly compact, for each
k <n.

To end this section we will prove that, as in the previous example, given a Banach ideal of
(n 4+ 1)-homogeneous polynomials 2,41, there always exist Banach ideals 2;,...,2, such that
{Qlk}Zii is a coherent sequence. The steps to prove this will be the same as in Subsection 2.1.1.
We will state all the preliminary results, but we will just prove the few differences with the results
of that subsection.

Lemma 3.1.14. Let ,, an ideal of n-homogeneous polynomials. Let Q € P"~Y(E,F) and fir a
nonzero g € E'. Then vQ € U, (E, F) if and only if vQ € A, (E, F) for every v € E'.

Proof. Let 0 # v € E’ and pick a € F such that y9(a) # 0. We will prove by induction that for
1<k<n, ’Y’Yg_kQan—k belongs to A, (E, F'). The Lemma follows taking k = n.

For k=1, 70 ' Qan1 = 77 1 Q(a) € A, (E, F) since it is a finite type polynomial.

Suppose that 'y'yg*kQan_k belongs to A, (E, F) (with k& < n), then, using Lemma 2.1.17, we
deduce that v " (70Q) jo—r € An(E, F). But

Y6 (90Q) gk = a0(@) ¥y T Qunr-1 4+ (1 = )y T Qg

for some « € (0,1). Therefore

1
n—k—1 n—k—1 n—Fk
Oons = Q) — (1 — Qn,) A, (E, F).
20 an—k-1 a’yo(a) (7’70 (70 )a k ( a)FYFYO an—k | € ( )

O

As we did in Section 2.1.1 we now define, for a fixed polynomial ideal 2,1, another polynomial
ideal 2A,,, and a complete norm on it.

Proposition 3.1.15. Let 2,11 be an ideal of (n + 1)-homogeneous polynomials. Define, for each
pair of Banach spaces E and F,

A (E,F)={P e P"(E,F)/ 7P € p41(E,F) for ally € E'},

with || Play, (5,F) = suPses,, VPl 12,y Then
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(a) Ay, is an ideal of n-homogeneous polynomials and

A (B, F) = {Qq € PME,F): Q €Uy 1(E,F),a € E}.

®) - e, 2,7y is @ norm on A, (E, F) and satisfies
1P, (2,7) = [1Pllpn(,ry, for every P € Un(E, F).

Moreover, (an(E,F), Il - H|91n(EF)) is a Banach space.
() 1S © Pllay, (,) < ISl e e 1Pl g,F) for every S € L(F, F1) and P € %n(E, F).

(d) If Ey is a subspace of E with norm 1 inclusion i : By — E, then

1P o illlg 0.1y < 1P gy (), o all P € 2 (B, F).

Proof. We will only show how to prove that %, (E,F) C {Qq, € P"(E,F)/ Q € Ap41(E,F),a € E}.
The rest of the proof is analogous to Proposition 2.1.19.

Let P € A, (E, F), we will show that there exists @ € 2,+1(F, F) and a € E, such that @, = P.
For every v € E’, we know that yP € 2, 1(E,F). Let a € E, v € E' such that v(a) = 1, and
define

n
Q=> apy""' Py,
k=0
where ap = n+ 1 and (kK + 1)ax = —(n — k + 1)ag—1. Since 2, is an ideal of polynomials, we
have by Lemma 2.1.17 that v*P,x belongs to ,,(E, F) for every k = 0,...,n and thus y¥**1P, ¢
Ap11(E, F). Therefore Q € Ay, +1(F, F). An easy computation shows that Q, = P. O

The following results may be proved as Propositions 2.1.20 and 2.1.21.

Proposition 3.1.16. The norm ||| - |||a, defined on Proposition 3.1.15 satisfies the “almost ideal”
property: for Banach spaces E and F, there exists a constant ¢ > 0 such that, for all Banach spaces
Ey, Fi and all operators R € L(E1,E), P € A,(E,F) and S € L(F, Fy), it follows that

IS P o Rlla,z,m) < cllSlzem) 1Pl e,m |1 Bl E, 5

Proposition 3.1.17. Let 2, be an n-homogeneous polynomial ideal with norm ||-|||s,, that satisfies
the “almost ideal” property. Then we can define an equivalent norm || - ||g,, which is an ideal norm
on A,.

Proof. Define a norm for P € 2,,(E, F),
1PN, (2, r) = supillS © Po Rlla, &z m) : E1, Fi Banach spaces, [|S||zrm) = 1Bl oz, = 1}
Then || - ||y, is a norm on A, equivalent to [|| - [[|a,. Moreover,

1S 0 Po Ry, g, ry < ISPl o.m | Bll e 5

So, if we let ky, = ||z — z"H’%(C?C), then the norm || - [|g;, defined by || Plla, (5,7 = %HP”/%(E,F)’
is an ideal norm equivalent to ||| - |||, -
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As in Remark 2.1.22 we can see that in the case (2, ||| - ||l2,) is the polynomial ideal given in
Proposition 3.1.15, we can simplify the definition of || - [[§ :

1Pl (.7 = sup{lll P © Rlllay, (5,,r) : E1 Banach space, [|Rllz(z,,5) = 1}-

7
Then [|-||a, (2,7) = ””“":& is an ideal norm on 2,, equivalent to ||| |||, . Moreover, using Corollary

2.1.7 we see that 1 < k,, < e. Now it is not difficult to prove the main result.

Theorem 3.1.18. Let A, 11 be a Banach ideal of (n + 1)-homogeneous polynomials. Then there
exists polynomial ideals Ay, ..., Ay, such that {2y, ..., A, A1} is a coherent sequence. The poly-
nomial ideals Ay, are uniquely determined by A,+1 and they can be normed to obtain constants of
coherence 1 < C, D <e.

To finish this subsection we mention that analogously to Proposition 2.4.3 it can easily be
proven that interpolation of coherent sequences is again coherent:

Proposition 3.1.19. Let {0}, and {2A}}; be coherent sequences of polynomial ideals with con-
stants Cy, Dy and C1, D1, respectively. Let F' is an exact interpolation functor of exponent 6. Then,
the polynomial ideal F(U,,) is compatible with the operator ideal F(2) with constants Col_GCf and
DDy,

3.1.1 The smallest and greatest coherent sequence associated to an operator
ideal

In this subsection we show that given an operator ideal 2, the ideals F, ,?‘ and ./\/lzl defined in Section
2.2 are the smallest and the greatest sequences of polynomial ideals coherent with 2.

Let 2 be a linear operator ideal. If {?;}; is any coherent sequence of normed ideals of ho-
mogeneous polynomials with 2y = 2, then for each & € N, % is compatible with 2. Thus, by
Proposition 2.2.2 we have

for every Banach spaces E and F. Therefore, if we show that {M%}k and {F,?‘}k are coherent
sequences (note that M% = ]-'19[ = ), we can conclude that they are, respectively, the largest
and the smallest coherent sequence associated to 2. Analogously, if 2 is complete, we obtain that
{N, E‘}k is the smallest coherent sequence of Banach polynomial ideals associated to 2l. However,
in the three cases the coherence constants obtained are larger than the compatibility constants of
Proposition 2.2.2.

Proposition 3.1.20. Let 2 be a normed operator ideal. Then:

a) The sequence { M2}, is coherent with constants C = e and D = 1. Thus, {M*}, is the
q k ’ k
largest coherent sequence associated to 2.

b) The sequence {F2}, is coherent with constants C = 1 and D = e. Thus, {F2}, is the
q k k
smallest coherent sequence associated to 2.

(c) If 2 is complete, the sequence {N¥} is coherent with constants C =1 and D = e. Thus,
{J\/',?[}k is the smallest coherent sequence of Banach ideals associated to 2.
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Proof. We prove conditions (i) and (ii) of Definition 3.1.1 for the sequences {M73} and {N}y.
The case (b) follows similarly.

(a) (i) Let P € M}E,F) and a € E. We have to show that P, € M} (E,F) with
HPaHM%_I(E,F) < CHCLHHPHM%(E7F). For this, we need to prove that (P,)y—2 € A(E,F) for all
be S and ||(Pa)pr—2 e,y < ellallPll v i, r)-

As in Lemma 2.1.6 we take r € C a primitive (k — 1)-root of 1. Then, for each x € E and t > 0,
we have

(Po)"(a,0"7%)

1 k=2 rd
- Jtk=2p [ _
(k_1)2]z:;rt m(tb—i-a)

(Pa)yi—2(2)

k—2
1 ,
Jtk=2p
=1 jEO rIt P(%Ha)k_1 ().

Since P € M} E, F), (Py)ys-2 belongs to A(E, F) .

Choosing ¢ = 15 we obtain, for [la| = ||b]| = 1, that
k—2
I(P)p—2llae,ry < 7z D " 2 |[Pousy i
’ e = j=0 o o, m)
k—2 1 k—2
k—
< (k,ll)z <m) (k—1) 1||P||/\/1§1(E,F)

§=0

IN

eHPHM%(E,F)-

Therefore, for each a € E,

1Pall a2,y = ||ih1£)1 [(Fa)pe—2lloy i,y < ellallll Pl z,p)-

(ii) Let P € ME,F), v € E' and a € E. Then
(YP) gk = k%_l (P(a)’y + k’y(a)Pak—l).
This implies that (vP),x € A(E, F) and thus vP € M}, (E, F). Moreover,

VPllpe (gry = sup [[(VP)axllae,F)

i llal|=1

P VP )
k+1”il”l£1<” o0 1V + KV Por—1 |22, )

< VP sz )

%

(c) (i) For P € N, | (E, F), fix a representation P = >°, v¥T; and let a € E. Then

P, = %H ; (T;-(a)fyf + kw(a)(vf_lTi)) -
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The partial sums of the above series belong to N, ,?‘(E, F). Furthermore,

k+1ZH( a)yF + kyila )(v'HTz))

= el Tl e,y Iill* + Ellallllvall*I1 75l s, )
kE+1

N2 (E,F)

<

=1

< o] Z ll* I Tl ) -

i=1

Then, P, belongs to N, ,?l(E, F) and, since the above inequality is valid for every representation of
P, we obtain that

1Pallya i) < lalllPllaz, o

(ii) Let P € NX(E,F). Suppose first that P = 7*7IT, with v € E' and T € L(E,F). Let
¢ € E'. Then, proceeding as in Lemma 2.1.6 and Corollary 2.1.7 we obtain the expression

k
(6P)(@) = ("' T)(e kzzt“w( (@)+0(0)) (o)

where t > 0 and r € C is a primary k-root of the unit. This means that ¢P € N2 "1 (B, F) and

[P pra

2 iy < DA T e,y

Consider now P € NX(E, F) and a representation P = > 2°, 4¥ 77T, with v; € E' and T} €
L(E,F). Then the finite sums > ", gb’yk T} belong to ./\/,H_I(E, F) and the series converges since

o0 o

k— k—
D e Tl oy < ellll Y Iall* I T, -
i1 i=1

Thus P € N2 o1 (B, F'). The above inequality is valid for every representation of P, hence

1P laz,, (5,r) < €GPl 2, r)-

3.1.2 Composition ideals

This subsection is devoted to show that the composition of a coherent sequence of polynomial
ideals with two fixed operator ideals is still coherent in the following situations: if either both
linear operator ideals are closed or the polynomial ideal is closed. For the first case we have the
following;:

Proposition 3.1.21. Let {2}, be a coherent sequence of normed polynomial ideals with constants
C and D, and let € and B be closed ideals of linear operators. Then {€ o A o B}y is a coherent
sequence with constants C and D.
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Proof. We check condition (i) of Definition 2.1.2: Let P € € o 0 B(E, F). Then P = SQT with
SeCF,F), TeB(E,E)yQecUA(E,F).
v -
Also, Pa(') = SQ(T(G),T(),,T()) = SQT(a)Ta and QT(a) € Q[k—l(EaF) since {Qlk} is
coherent. Therefore P, € €o U1 0 B(E, F).

Moreover,
[Palleony, yomer) < ClT(@) IS gz, )| @l gy, (15,7 T ';_(; B)
< ClalllSlle,m1Qlg, (5,7 1T 5 5.5

and this holds for every factorization P = SQT. Hence

| Palleost, yom(m,F) < Cllalll| Plleost, om(E,F)-

Condition (ii): Again, we take P = SQT with S € ¢(F,F), T € B(E,E) and Q € ,(E, F).
Consider v € E’ and define the operators

TeB(B,ExC),  T(@)=(T(x)y(x) = (i10T)()+ (i207)()
ReW(ExCF),  Ry,A)=QA=(Qom)(y,A) - m(y,)),

where i1, 75 are the inclusions
~ i1 == ia =
EF— ExC, C<= FE xC,

and 7y, 7o are the projections to the first and second coordinate.
We have that SRT belongs to € o 11 0o B(E, F') and

SRT(z) = SR(T(2),7(x)) = S(y(2)Q(T(x))) = 7(z) P(x).

As a consequence, YP € €o 241 o B(E, F).
For the inequality of norms, we may assume that ||T H%( BE) = = ||T| ep,p) = 1+ Let us consider

in E x C the norm ||(y, A)|| = max{||y||, ||} and suppose ||7|| = 1. Then, we have

||RHQ[H1(EXQﬁ) <D|Qo 7T1||g(k(E7ﬁ)||7T2H < DHQHQ(k(Eﬁ)a

and
1Pllasgm ) = 1T o ey = max{ITl gy I} = 1.
Thus we obtain
k+1
Pl onry < ISla@m Bl ey ITISE 5
<

DSl g7, m) | Qllgy, (£, 7y

and this is true for every factorization P = SQT with ||TH%( 5. = 1- Hence, for a general vy € E',

7Pl goty, s 1 om(E,F) < DIVIIP | oty om(E,F)-

For the second case we can prove:
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Proposition 3.1.22. Let {Ax}r be a coherent sequence of closed polynomial ideals. If B and €
are normed operator ideals, then {€ oAy o B} is a coherent sequence with constants C' = e and
D=1.

Proof. Condition (i): Let P = SQT, with T € B(E,E), Q € Ax(E,F) and S € ¢(F,F). Then
Py = (SQT)a = SQrq)T € €o Uy 0 B(E, F).
Moreover, by Example 2.1.8,

k—1
||S||¢(ﬁ7F)HQT(a) ||Q(k71(E‘7f‘) HTH%(E,E)

IN

| Pall conty_, om(E,F)

IN

ellallSll e, m 1@l (7,7 1T 5

Since this holds for every factorization P = SQT', we obtain || Py||¢ont, ,0m(E,F) < ellall|| Pllcont,om(5,F)-
Condition (ii): Let P = SQT, T € B(E,E), Q € Ax(E,F) and S € ¢(F, F). Define as in
Proposition 3.1.21 the operators
T € B(E,E x C), T(z) = (T(x),7(x)) = (i1 o T)(x) + (i2 0 7)(x)
ReA1(ExCF), Ry, A) =QyA = (Qom)(y,A) - m(y, ).

=2

Then, SRT € € 0 Agyq 0 B(E, F) and

SRT(x) = S(R(T(x),7(x))) = S(Q(T(z)))v(x) = +(z)P(x).

Thus YP € € o Agq 0 B(E, F).
To prove the inequality of norms we now consider E x C with the norm ||(y, \)|| = |ly|| + |\l
Since, for every k, the norm in 2A; is the usual polynomial norm,

R soem = sup PQWI < Qg zm  sup [MlylF
IBlayecry = s 190 < 1Qlazpy sup_ Al
kk

< WHQH%(E,FY
Also,
llpe.ixey = I oT)C) + (20 M)l sy < Nl Tlggs ) + izl
— I Tlsg 3 + I
Then,
1

T k+
Pl sromery < ISlegpmyl Bl e, ITISS 5

Kk k+
151, gyt @l .7y (1T gy + 101)

IN

If we consider T} = tT and Q; = t~FQ , we obtain a new factorization of P and thus of yP.
The previous inequality applied to this factorization gives

ke Qg 5 7 ket
H’VPH@OQ%HO%(E,F) < HSH@(F“,F) (k + 1)k+1 tz( ) (tHTHsB(E,E) + ||'YH> .
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k[l

This expression is minimum when ¢ = =
” ”‘B(E,E)

. In this case,

VPl eonty,, 1 0%B(E,F)

< 1S Kk HTH%(EE)
< IShar g e (i

k
= VNSl ez, 1Ry, (5,7 1T | o3 1, )

k
) 1y, 5.7 (ke + DIl )

This is true for each factorization P = SQT and therefore,

7Pl eonty, 1082, F) < VPl contyom(r,F)s (3.2)

which completes the proof. O

As a consequence we have the following coherent sequences:

Example 3.1.23. 1. Let 1 <r < oo and N be the largest integer not greater than r. Then the
sequence of quasi-normed ideals of polynomials {II., D, D3,...} (the ideals D" are normed
for n < r) which is coherent with constants C' = e and D = 1. Indeed, it was proved in
[Sch91] that P™ o II,.

2. The sequence r-factorable (strongly r-factorable, r-compact) polynomials is coherent since
it is the composition of all the polynomials with the r-factorable (strongly r-factorable, r-
compact) operators [Hol86].

3.1.3 Relation with tensor norms

Suppose that for each k we have a symmetric k-tensor norm oy, and set A, (E, F) = Ql(@l;: E,F).
By Proposition 2.5.1 each 2 is compatible with 2 but, in order to obtain a coherent sequence,
some coherence properties for the sequence of tensor norms {ay }r are needed. Let us establish this
coherence. For a € E, v € E' we define the following mappings for each k (we omit the dependence
on k in the notation for the sake of simplicity):

@a . ®k*1,SE — ®]€,SE Q»\/ . ®]€+1,SE N ®k,$E
F1 s o(a®@ 2P o s ()2

Proposition 3.1.24. Let 2 be an operator ideal. Suppose we have, for each k, a symmetric k-
tensor norm «y, and define A (E, F) = %(@2: E,F). Then, {Up}r is a coherent sequence of
polynomial ideals (with constants C and D) if and only if for every Banach space E the mappings

P, : (®k_175 E, ak_1> — (®k75 E, ak>
and

\IJW : (®k+1,s E, ak+1> . (®k,s E, ak)

are continuous for every k (with ||®4]| < C|la| and ||¥,|| < Dljv|).

Proof. Just note that if P € P*(E), we have Tp, = Tp o ®, and Typ=TpoV,. O
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Corollary 3.1.25. The sequences {P5;}ix and {PE;} of Piestch and Grothendieck integral poly-
nomials are coherent with constants C = 1 and D = e. Moreover, they are compatible with the
ideals of Piestch and Grothendieck integral operators respectively, with constants A =1 and B = e.
Proof. Recall that P§,(E,F) = Lp/(Q%° E,F) and PE(E,F) = La(QF° E, F) isometrically
[CLO05, Vil03].

As in Corollary 2.5.2, a direct computation shows that the application ®, from the previous

proposition is continuous with C' = 1.
Let » = Y 2t ¢ QB and define Q* € PFY(E, F) as Qz( ) = S ¢(x;)!. Then

|@%I| = e5+1(2). Moreover, by Corollary 2.1.7(5), Y v(x)é(w:)* = |0%(7 %) < el Q[ Ills*.
Since this is true for every ¢ € F’, taking supremum with ¢ € Bgs, we have that

h(W,(2) = &k (3o Awial) < ellylleh(2).

O

In Section 2.5 we showed that there are mixed tensor norms that are not equivalent to any
(v, B)-norm (Corollary 2.5.7). We give now a criterion of coherence for ideals which are dual to
mixed tensor norms. For a € F and v € E’ we define the following mappings:

of R "“EoF — Q“EoF @ EeF - Q" EeF
ey = ol ey ey - gt ey
Proposition 3.1.26. Let 2 be an operator ideal. Suppose we have, for each k, a mized tensor
norm 0y, of order k + 1. Then, 735 is a coherent sequence of polynomial ideals (with constants C

and D) if and only if the mappings ‘1>F and \IJF are 0x—1-to-0 and dx41-to-0) continuous for every
kB and F (with |8 < Cla|| and [ < Dl

Proof. Just note that conditions (¢) and (i¢) of Definition 3.1.1 are dual to continuity properties of
the mappings defined above when we consider F” instead of F. O

We finish this subsection proving that if we have a finitely generated k-fold symmetric tensor
norm «y, then the sequence of maximal (scalar) ideals associated to ay is coherent if and only if the
sequence of minimal ideals associated to oy is coherent. We will use the Representation Theorem
for maximal polynomial ideals [FH02, Theorem 3.2]. First we need the following lemmata, which
will be useful in Subsection 3.1.5.

Lemma 3.1.27. For each k, let oy be a finitely generated k-fold symmetric temsor norm «y.
Consider A7"** and Ql’,;’”” mazimal and minimal ideals associated to ay. Then the following are
equivalent.

(i) For every Banach space E, if P € A" (E) and a € E then P, € A7 (E) and

| Pallagnas () < ek Pllggra= (g llall-

(ii) For every Banach space E, if P € A7 (E) and a € E then P, € AT"(E) and
\\Pa“m;njq(E) < CkHPHm;ni"(E)Ha”-
iii) For every Banach space E, if s = > " 'yl? is a tensor in @"° E' and a € E, then
J=11j ag

k-1 ZV ) < ckag(s)llal|-
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Proof. The three statements are equivalent if F is a finite dimensional Banach space because for

finite dimensional spaces ;" (E) < AT (E) < ®§; E’. Since ay, is finitely generated, (i) is

implied by (i7) or by (#i7) for all Banach spaces.

We now prove that (7) implies (ii7). Note that (i7i) is equivalent to prove that the bilinear
map Vg : (E X ®§;1’5 E - HOO) — ®Z:18 £, wE(a,Z’yJ]?) = ny(a)’yjl?_l is continuous of
norm < ¢ for every Banach space E. If (i) is true then g is continuous (with norm < ¢) for

every finite dimensional Banach space S. Let M be a finite dimensional subspace of E’ such that
ny;?‘ € ®"* M and denote by [a] the subspace of E generated by a. Then

(SR M) < cemaxfar( 325 Q"M +[a]), llal)}
< cemaxfor (324 Q) M), all)},

where the second inequality is true by the metric mapping property. Taking the infimum over M
we obtain that || g|| < ¢ and thus we have (7ii).

To see that (i) implies (), just note that A" = A7 o F and use Proposition 3.1.21 (proof
of condition 7). ]

The following lemma may be proved similarly, moreover it can also be seen as a particular case
of Proposition 4.1.12.

Lemma 3.1.28. For each k, let ap be a finitely generated k-fold symmetric tensor norm «y.
Consider ;" and QlZ“" mazximal and minimal ideals associated to ayp. Then the following are
equivalent.

(i) For every Banach space E, if P € ;" (E) and v € E' then vP € ;"7 (E) and

”’YPHQ(gff(E) < || Pllagra= () [|7]l-

(ii) For every Banach space E, if P € A" (E) and v € E' then vP € A" (E) and
”’YPHQLgﬁy(E) < CkHPHQLgLi"(E)H’YH-
(iii) For every Banach space E, if s € ®Z: E' and v € E', then
apt1(o(s ©@7)) < cpo(s)|]-
We have thus the following corollary for sequences of scalar polynomial ideals:

Corollary 3.1.29. Let % = {4}, be a sequence of scalar polynomials ideals, then {A'*"}y is a
coherent sequence if and only if {le.m”}k is coherent.

If moreover A = {Ay.}i, is coherent then {AT" Yy, and {A** Y, are coherent sequences.

Maximal and minimal hulls will be revisited in the next subsection and the vector valued case
will be treated there.
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3.1.4 Maximal, minimal and adjoint ideals

In this subsection we study the stability of the coherence conditions under the operation of taking
adjoints, maximal and minimal hulls of the polynomial ideals.

If a sequence of polynomial ideals form a holomorphy type, then the sequence of adjoint ideals
need not to be a holomorphy type. On the other hand, the two operations involved in the definition
of coherent sequence (fixing variables and multiplication by linear functionals) are dual operations.
This allows us to prove the following.

Proposition 3.1.30. Let {2}, be a coherent sequence with constants C and D. Then {U}}y is a
coherent sequence with constants D and C.

Proof. Condition (7). By Proposition 3.1.26 it suffices to verify that
/ k-1, k,
o (@ Ee )~ (®Feria)
oy - ol ey

is continuous and that ||®"|| < D|a||, for all a € E; where the \,’s are the tensor norms predual
to the ideals 2} (see Preliminaries 1.2.1) .

Consider M € FIN(E); N € FIN(F') and z = Y, 2" '@y € @ "M ® N. Then
P () ¢ (M), N), where M, = M@[a]. If «/ € M)
P&y =3 ola®al ) Zx yi = (aP*)(a).
7
Thus,
’ / k,
(@8 (2) ER” Eer) < (el M@ N)
F/
= ||P% (z)||9lk(M,;,N) = |laP?[|a, (a2, 3y
< DlallllP*lla,_,m,n)
k—1,s
< Dlaf M-1(25) T Me@N).

And hence, A\ (@5/(,2); R E® F’) < Dlja|M-1(z Q" Ew F').
Condition (i7). We must verify that the mapping

, k+1, k,
(@ Ee M) - (@ Ee )
ey — @)ooy

is continuous and that ||\IJ§/H < Cv||, for all v € E'.
Consider v € E' and let M € FIN(E), N € FIN(F') and z; = Y 2" @ y; € Q¥ M@ N.
Then PY7 ) e 94, (M, N) and, if 2/ € M’,

PY O (g Z’Y ai)zi(2)y; = in(v)xi(ﬂc’)kyi = (P?),(2).

Therefore,

IN

Ak (qff’(z); @k M N>
= P Oy = 1Pl oy

< CIVNIP oy (a0

k+1,s
Clvl A1 () M&N).

(@F’ ® E®F>

A
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Thus, A (\Ilfl(z); R E® F’) < ClAkss (5 QT E @ FY). 0

Since A7 coincides with 207", the sequence of maximal hulls of the polynomial ideals 2y
preserves the coherence of the original sequence:

Corollary 3.1.31. Let {2} be a coherent sequence with constants C and D. Then {A;"**}y, is a
coherent sequence with constants C and D.

The preservation of coherence under minimal hulls is a particular case of Proposition 3.1.21
since AWM = F o YWin o F,

Corollary 3.1.32. Let {;}r be a coherent sequence of Banach polynomial ideals with constants
C and D. Then {2}, is a coherent sequence with constants C and D.

Remark 3.1.33. The reciprocal of Proposition 3.1.30 and Corollaries 3.1.31 and 3.1.32 is not true.
A counterexample for the three is the sequence {2y}, where

k e
AUp(E, F) = PJ]X(Ev F) ?f k is even
Pe(E,F) if kis odd.
Then {21}, = {PE,}, {Ar}, = {P*}x and {1}, = {Pk};, are coherent sequences, but {2y}
is not.

3.1.5 Sequences of polynomial ideals associated to natural tensor norms

In [CGDb], natural tensor norms for arbitrary order are introduced and studied, in the spirit of
the natural tensor norms of Grothendieck. We will prove that the sequences of polynomial ideals
associated to the symmetric natural tensor norms are coherent. First we introduce some notation
to recall their definition.

For a symmetric tensor norm «y, (of order k), the projective and injective associates (or hulls)
of ay, will be denoted, by extrapolation of the 2-fold case, as \«ay/ and /oy \ respectively. They are
defined as the tensor norms induced by the following mappings:

(&"* 01(Bg), ) S (®@" B, \ax/).

(&% B, Jag,\) = (" £oo(Bpr), ).

Recall that for a symmetric tensor norm of order k, ay, its dual tensor norm «j, is defined on
finite dimensional normed spaces by

( Q" M, az) L [( @k M’,ak)]'

and then extended to Banach spaces so that it is finitely generated.
We say that «ay is a natural symmetric tensor norm (of order k) if «y, is obtained from 7 with
a finite number of the operations \ /, / \,".
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For k > 3, it is shown in [CGDb] that there are exactly six non-equivalent natural tensor norms
(note that for & = 2 there are only four). They can be arranged in the following diagram:

Tk
1
\/mk\/

/! AN
/7N \ex/
AN /!
/\er/\

7

€k

where aj — v means that v, dominates . There are no other dominations.

Therefore, the natural symmetric tensor norms define six different sequences {ay}x of tensor
norms (which we call “natural sequences”), with their corresponding associated polynomial ideals.
We denote by 7y, the tensor norm /7y \, which is predual to the space of k-homogeneous extendible
polynomials. Then we have 7, = \ex/, \me/ = \/7\/ and /. \ = /\ex/\.

To prove the coherence of the sequence of polynomial ideals associated to the natural symmetric
tensor norms we need the following:

Lemma 3.1.34. For each k, let o be a finitely generated k-fold symmetric tensor and suppose
that og—1(3_; fyj(a)fy;?_l) < cpa(D; ’yf)HaH for every 3, ’yjl? € ®Z: E' and a € E. Then the same
inequality holds for the sequences {/ay\}k and {\og/}k.

Proof. For {\ay/}r: if AP is the maximal ideal associated to ag, the identity \ouw/ = (/a}.\)’
and the representation theorem for maximal polynomial ideals [FH02, Section 3.2] show that the

/
maximal polynomial ideal Bj associated to \ax/ at E is <®];;/\E> . Thus it consists of all
k

k-homogeneous polynomials on E which extend to aj-continuous polynomials on (o (Bp), that is,
B,.(E) = {P € P¥(E) : P extends to a polynomial P € A% ({o(Bg))},

and the norm of P in By is given by the infimum of the 2(***-norms of these extensions. By
Lemma 3.1.27, we may fix variables on the ideals 2(;"**’s, and thus it is easy to see that we may fix
variables for polynomials in the ideals B;’s and with the same inequality of norms. Using again
Lemma 3.1.27, we obtain the desired result for {\ax/}.

For {/ax\}x: we denote

ik =% (85 F, fog\) < (@ loo(Bpr), o),

and
. 1
g gl(BE”) — K.

Then, if a € £1(Bgr) such that j(a) = a and [la[|¢,(p,,.) = lall,

for\(w@f ™) = (i (@) = anea (D) (@)ic)* )

< cwar (Y i) alley(m = cr/a\ (D AF)llall.
J

J
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The following result is a particular case of Lemma 4.1.15:

Lemma 3.1.35. For each k, let o be a finitely generated k-fold symmetric tensor and suppose
that ap11(0(s @ 7)) < cpag(s)||y]| for every s € ®ksE’ and v € E'. Then the same inequality
holds for the sequences {/ax\}r and {\ax/}k.

As a consequence, since mp and ¢, satisfy the conditions on previous lemmas, we can use them
together with Lemmas 3.1.27 and 3.1.28 to show the following:

Theorem 3.1.36. Let {ay }r be any of the natural sequences of symmetric tensor norms. Then the
sequences {A7 by and {AT" Yy of mazimal and minimal ideals associated to {oy}y are coherent.

In the next chapter we will prove more properties of sequences of ideals associated to natural
sequences of tensor norms.

3.2 Holomorphic mappings of bounded type associated to a co-
herent sequence

The space of holomorphic mappings of bounded type Hy(E, F') is, in some sense, associated to the
sequence {P*(E, F)}; of all homogeneous polynomials. Analogously, we can define the space of
holomorphic functions of bounded type associated to any coherent polynomial sequence:

Definition 3.2.1. Let A = {2y }x be a coherent sequence of polynomial ideals at (E, F). We define
the space of A-entire functions of bounded type by
J|JE — 0} .
A

’“f( )

Hya(E. F) = {f c H(E,F) : € A (E, F) and lim Hdkf(o

k—oo

We define in Hyy(E, F') the seminorms {pr}r>0,

© Ik
n=3 |5

for f € Hyy(E, F). Note that a function f € H(E, F) is in Hyy(E, F) if and only if dki!(o) belongs
to Ak (E, F) for every k and pr(f) < oo for every R.

k
Ae(EF)

Proposition 3.2.2. Suppose that 2 is a coherent sequence of Banach ideals of homogeneous poly-
nomials. Then (Hbg((E,F),{pn}neN> is a Fréchet space. Moreover, for each f € Hyy(E,F), the

partial sums of the Taylor series expansion of f about the origin converges to f in Hyy(E, F).

Proof. We only prove that Hyy(F, F') is complete. Let (fy), be a Cauchy sequence in Hygy(E, F).

Then (f,)n is a Cauchy sequence in Hy(E, F') and therefore there exists f € Hy(E, F') which is

its limit. Also, for each k, (%)n is a Cauchy sequence in i (F, F'). Thus, dkg!(o) belongs to
k k

A, (E, F) because %!(O) = lim,, %"!(O). Moreover, since (pr(fn))n is a Cauchy sequence, for each

R, > 0, there is ng such that pr(fn) < pr(fn,) + €, for every n > ng. Then for every N € N,

N K k
SO =3 [

Therefore, pr(f) < oo and thus f is in Hyy(F, F). It is also clear that f,, — f in Hpy(FE).

Moreover, for each f € Hyo(E,F),and R >0, ) <y %‘ o (E F)Rk‘ — 0 as N — oo, which
- k )

means that the Taylor series of f about the origin converges to f in Hyy(E, F). O

Rk <1 L) < .
iyt = BmPR(fn) < PR(fno) +
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Although the definition of Hyy(FE, F') involves the derivatives at 0, the same condition holds for
the derivatives at any point a € E, as the following lemma shows.

Lemma 3.2.3. Let A = {2} be a coherent sequence at (E,F) and x € E. Then
Ty Hpy(E,F) — Hyy(E, F)
/ = T f = flr+-)
is a continuous operator. In particular, for all x € F,

i |1

ko0 A (E,F)

Proof. Take f = Z;O o Pr € Hy(E, F) and @ € E. Then Pi(z +y) = >-5_o (§) (Pr) x5 (v)-

Thus 7. f = Z Z ( ) L—i. Using that the sequence is coherent it is easy to see that this
k=0 5=0
series converges absolutely:

EZ( )H Pi)grs [y .1y < Z (L + Cle) I Pellay (5.7) = Pryory () (33)

k=0 5=0

So we can reverse the order of summation to obtain that % Tzf &r:/(0) =D 0, ( ) (Pi) ks Thus we
have that

dTg; [ XL
pr(T2f) = ZRJH f ‘ 4, (B.F) Z ‘<j>H(Pk)l“k_jHQlj(E,F)

k
B\ i
Z HPkHQlk(E,F) Z (])RJ(CHxH)k 7 < pR+C||zH(f)'
k=0 j=0

Therefore 7, f € Hyy(E, F) and 7, is continuous. O

As we already mentioned, for each coherent sequence 21 we can construct the space of 2-entire
functions of bounded type. Thus there are plenty of examples. We just present now the following
examples of spaces of holomorphic functions of bounded type which were already defined in the
literature and can be seen as particular cases of the above definition.

Example 3.2.4. Let 2 be the following coherent sequence: 2y = £, A, = P*, k > 1. Then
Hy(E, F) = Hy(E, F) the space of entire functions of bounded type from E to F.

Example 3.2.5. If 2 is the sequence of nuclear polynomial ideals then Hypy(E, F') is the space of
nuclearly entire functions of bounded type Hyy(E, F) defined by Gupta and Nachbin (see [Din99,
Gup70]).

Example 3.2.6. If 2 is the sequence of integral polynomial ideals then Hpy(F) is the space
of integral entire functions of bounded type Hp;(E) defined by Dimant, Galindo, Maestre and
Zalduendo in [DGMZ04].

Example 3.2.7. Suppose 2 is the sequence of extendible polynomials, that is, 2(E) = PF(E),
k > 1. Then an application of [Car0l, Proposition 14] gives that Hpy(E) is the space of all
f € H(FE) such that, for any Banach space G D E, there is an extension f € H,(G) of f.
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Example 3.2.8. Suppose 2 is the sequence of approximable polynomials, Ay (E) = Pfl(E), k> 1.
Then Hyy(FE) is the space Hy.(E) considered in [AB99, Din83].

Example 3.2.9. If 2 is the sequence of weakly continuous on bounded sets polynomial ideals
then Hpg(E) is the space of weakly uniformly continuous holomorphic functions of bounded type
Hy,(F) defined by Aron in [Aro79)].

Remark 3.2.10. Note that we have defined 2-entire functions of bounded type as entire functions
that have infinite “Q-radius” of convergence at zero (and thus at every point). On the other hand,
Hollstein [[Hol86] defined, given an operator ideal € the sequence of polynomial ideals [¢] = {P*o€}.
Then he defined the space of entire functions H ,Eq, as the entire functions having positive [€]-radius
of convergence at zero. The two definitions are different, indeed, Dineen showed an example of
an entire function of bounded type, f € Hy(F) and r > 0 such that f has “nuclear radius” of
convergence r (that f is holomorphic of nuclearly bounded type on rBg, see Section 3.2.6), but
found z € E such that d*f(z) ¢ P%(E) [Din7la, Example 11] (in particular HZEN} (E) # Hnp(E)).

Dineen also found an example of an entire function of bounded type on a Hilbert space FE,

1
f € Hp(E), such that limsup,, . | d .m) n < oo for every x € E (that is, f is locally of nuclear
bounded type, or, at each point x € E there exist r > 0 such that f belongs to HNb(B(:c,r)),

see Section 3.2.6) but f is not an entire function of nuclear type because lim,_, Hdnf © v =1,
[Din71a, Example 9].

3.2.1 Schauder decompositions

Recall that a sequence of Banach spaces (Ey,| - ||») is a Schauder decomposition of a Fréchet

space F if the following two conditions hold:
1. Each x € E can be written in a unique way as x = ), &y, with z,, € E,, for all n.
2. The projections py, : E — E,, given by p,, (302 xn) = Y pe | Tn, are continuous.

Galindo, Maestre and Rueda [GMRO00] introduced the concept of R-Schauder decompositions.
Let us recall their definition.

Definition 3.2.11. For 0 < R < oo, we say that a sequence of Banach spaces (Ey, || - ||n) is an
R-Schauder decomposition of a Fréchet space E if it is a Schauder decomposition that satisfies
the condition: for every sequence (Zp)n, with x, € E,, the series Y -~ |z, converges in E if and

only if lim sup,, Hanl/n =

The following is immediate from the definitions:

Proposition 3.2.12. For every Banach spaces E and F, {;(E, F)}i is an co-Schauder decom-
position of Hyy(E, F).

We can deduce some other consequences from the results on R-Schauder decompositions of the
article [GMROO], combined with known facts about some ideals.

Proposition 3.2.13. Let A be a coherent sequence of polynomial ideals and let E and F' be Banach
spaces. Then:

(a) Hy(E, F) is reflexive if and only if A, (E, F) is reflexive, for all k.
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(b) If E is Asplund, Hyy(E, F) is topologically isomorphic to Hyr(E, F).

(¢) Hyu(E, F) contains copy of co if and only if there exists k € N such that A (E, F') contains
copy of cg.

Proof. The first item follow from [GMROO, Theorems 1 and §].
The next item is a consequence of [GMR00, Theorem 1] and [CD00, Theorem 1.4].
The last item derive from [GMRO0, Lemma 6] and [DD98, Theorem 4]. O

3.2.2 Weakly differentiable sequences and convolution

In this section we define the concept of weakly differentiable sequence which will be useful for
the study of convolution operators on the space Hpy(FE) of scalar valued functions. The following
convolution product was defined on the dual space to Hy(E) by Aron, Cole and Gamelin in [ACGI1]:
if p,9 € Hy(E)', then ¢ * 1) € Hy(E)' is the linear functional given by

pxp(f) = (@ — (7 f)).

In this section we also define and investigate an analogous convolution product in Hyy(E)'.

We prove that this convolution product is well defined in a few steps. We know from Lemma
3.2.3 that if 2 be a coherent sequence at E and x € E. Then

Ty : HbQ((E) — HbQ((E)
f = f=flz+)

is a continuous operator. Thus we are able to define:

Definition 3.2.14. Let ¢ € Hyy(E)' and let f € Hyy(E). We define p x f : E — C as follows,

o f(x) =por(f) =o(f(x+)).

Therefore, the desired convolution product can be rewritten as ¥ ¢(f) = (¢ * f). For this to
be well defined, we must show that ¢ * f € Hpy(FE) and that f — @* f is continuous. We will need
the additional condition of weakly differentiability of the sequence 2 to achieve this. At the end
of this section we will prove that there are plenty of weakly differentiable sequences of polynomial
ideals. When a sequence of polynomial ideals is defined in both the scalar and vector valued case,
one may consider the following property: “for every P € (FE), the mapping x — P, belongs to
the space of vector-valued polynomials 20;(E;;_;(E))”. This would mean that the differential of
a polynomial in 2 is also a polynomial in . We consider a similar but less restrictive property,
which makes sense when the polynomial ideals are only defined for the scalar case and that could
be read as “the differential of a polynomial in 2 is weakly in 2[”. More precisely, we have:

Definition 3.2.15. Let 2 be a coherent sequence of polynomial ideals and let E be a Banach space.
We say that 2 is weakly differentiable (at E) if there exists a constant K such that, for P € Ay (E)
and ¢ € Ax_(E), the mapping x — @(Py) belongs to A;(E) and

k
= e (Pa) |y < Bl sy 1Pl
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Since %(m) = (];) P, the previous condition is equivalent to say that ¢ o C(lz:lll; belongs to

2, (E) and

dk lP H

oot < ()R el e 1Pl

This is what we mean by saying that the differential is weakly in 20 and what suggested our
terminology.

We will also see in Section 4.1 that the weakly differentiability of a sequence may be seen
as a property which is dual to being close under pointwise multiplication between homogeneous
polynomials of the sequence.

Lemma 3.2.16. For each ¢ € Hpy(E) and k > 1, there exist constants c¢,r > 0 such that
||QO|Q(I€(E)||Q[]€(E)/ < crk for every P € A (E).

Proof. Indeed since ¢ is continuous, there are constants ¢, > 0 such that |p(g)| < ¢p,(g), for every
g € Hyy(F). In particular, |o(P)| < ¢p, (P) = CTkHPHQlk(E). Then H@Imk(E)HQlk(E)’ < crk, for every
k> 1. O

Theorem 3.2.17. Let A be a weakly differentiable coherent sequence at E. For each ¢ € Hyy(FE),
the following operator is well defined and continuous:

T,: Hp(E) — Hp(E)
/ = px f

Proof. Take f =372, Py € Hy(E) and € E. Then

por( ZZ() ) Oooo(’;)so«m),

k=0 j=0 J=0k=j

since, using Lemma 3.2.16 and the coherence of 2l it is easy to see that this series is absolutely
convergent.

Let Qi(x) = Y32, (?)@((Pk)zl) Then por,(f) = > 2, Qi(x). We will show that Q; belongs to
2;(F) and that Y72 Q; is in Hyy(E). To prove this it suffices to show that the series Y72, ( k H:c —

also converges:

leHz< ) iR

‘%(E) converges and that for every R > 0, the series > ;7 RlH Py ( )z — o((Pr), HQ{ )

iRl i ()} wtcr)

o0

ZRZZ< >H(p|91k l(E)”‘Zlk 1 )’HPI@”‘Zlk(E)

=0 k=l

[e'S) k
k _
oS Pl Y () @it
k=0 =0

= CPr(rtr) (f)a

IN

‘%(E) 2, (E)

IN

IN

where in the last inequality we used Lemma 3.2.16 and reversed the order of summation. Therefore
Ty (f) belongs to Hy(E) and pp (T (f)) < ey gy, (f), that is, Ty, € L(Hpu(E), Hpa(E)). O
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An operator T : Hyy(F) — Hpgy(E) that commutes with translations is said to be a convolution
operator, that is T is a convolution operator if T o7, = 7, o T for all z € E. We have the following
characterization of convolution operators:

Corollary 3.2.18. Let U be a coherent sequence and T : Hyy(E) — Hpo(E) a convolution operator.
Then there exist ¢ € Hyy(E) such that Tf = ¢ [ for every f € Hyy(FE). The converse is true
for weakly differentiable sequences.

Moreover, if finite type polynomials are dense in A (E) for every k, then each convolution
operator T determines a unique function ¢ € Hyy(E) .

Proof. Let T : Hyy(E) — Hpy(E) be a convolution operator and let ¢ = T o §y. Then T'f(z) =
T2(Tf)(0) = T(12f)(0) = p o 7(f) = ¢ = f ().

The converse for weakly differentiable sequences is a consequence of the above theorem since,
for each ¢ € Hyy(FE)', the mapping f — ¢ * f is a convolution operator.

Moreover, if T'(f) = ¢ * f = @ * f for every f € Hpy(E) then ¢¥(v") = 1 *x+"(0) = T (y")(0) =
o(y™) for every v € E' and n € N and thus density of finite type polynomials imply that o = . O

Corollary 3.2.19. Suppose that A be a weakly differentiable coherent sequence and finite type
polynomials are dense in Ay (E) for every k then ¢ — T, is a vector space isomorphism between
Hy(E) and the convolution operators on Hygy(E).

As a consequence of Theorem 3.2.17 we also have:

Corollary 3.2.20. Suppose that 2 is a weakly differentiable coherent sequence. If ¢ € Hyy(E),
then the application
M, : Hw(E) — Hp(E)
(U = Y,

where Yxo(f) = P(e*f), is a continuous linear operator when we consider the strong dual topology
on Hle(E)/

Proof. Just note that M, is the transpose of T,,. O

This allows us to define the desired product:

Definition 3.2.21. Let 2 is a weakly differentiable coherent sequence. For ¢, € Hyy(E)', the
convolution product ¢ x1 € Hyy(FE)' is defined by

px(f) =@ — por(f)) =v(p*f)
for f € Hy(E).
Now we show that, many sequences of polynomial ideals are weakly differentiable.
Example 3.2.22. The following sequences are weakly differentiable:

(a) A= {Pk}: if P € PH(E) and ¢ € P*7I(E)’ then it is clear that z — ¢(Py) € P!(E) and
Hx = @(le)sz(E) < €l||80||7>k—l(E)/||P||7>k(E)~

(b) & = {P¥}s: this will be proved in Corollary 4.1.19.
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(c) A = {Pr}y: if P € PE(E) and ¢ € PEI(E) then Q(z) = ¢(P,) is in PY(E). Let E L

T

and P an extension of P to G. Then Q(y) = <p(]5yz o J) is an extension of @ to G, and thus
@ is extendible. Moreover, since |Q(y)| < ¢ [y||'ll¢l[|Pll, it follows that Q] < €[]

(d) A = {PE}: it is known (see [Din99, Proposition 2.6]) that if P € P¥(FE) then d*~'P is
weakly continuous. Thus z — ¢(P,1) € Pl (E) and and has norm < e[| pr-1(gy | Pllps(g)-

We finish this section with sets of examples of weakly differentiable sequences. The first one
deals with ideals associated to tensor norms and the second one with composition ideals. See also
Lemma 4.2.1 for some examples on minimal ideals.

Lemma 3.2.23. Let U be the sequence of maximal polynomial ideals associated to a sequence of
symmetric tensor norms {ay }. If A is weakly differentiable, then the same is true for the sequences
of maximal polynomial ideals associated to {\ax/}r and to {/ax\}k.

Proof. Let us denote f; = aj. For A the sequence of maximal polynomial ideals associated to

{\ax/}r we have that P belongs to i (E) if and only if P € (®I;gk\E),, and we can proceed just
as we did with the ideal of extendible polynomials (note that polynomials in 2 (E) are those that
extends to a [i-continuous polynomial on ¢, (Bgr)).

For the sequence of maximal ideals associated to {/ax\}x, P belongs to i (E) if and only if

~ /

P = Pogy, belongs to <®Z;€8€1(BE)> = A (¢1(Bg)), where gy, is the metric projection ®Z;€1 (Bg) —
/! /

®<;§k/E. Also, transposing ¢x we obtain a metric injection (®l§;k/E) — <®Z;€S€1 (BE)> . If we take

/
€ (®]\gﬁsk/E) , we can choose a Hahn-Banach extension 1) of ¢ on ®§:’€1(BE).
Now, if Q(z) = ¢(P,), we have

Qo Q(z) = (P(Pq(z)l) =1 ((P © q)zl) )

/
which belongs to (®§;l’361(B E)) because 2 is weakly differentiable. But this means that @) belongs
to Qlk,l(E). |

In the previous proof, we only used that 2 is weakly differentiable in spaces of the form ¢ (1)
(for {\ax/}x) and ¢1(J) ({/ar\}x), where I and J are some index sets.
From the previous lemma and examples (a) and (b) above we have,

Corollary 3.2.24. The sequence of mazimal polynomial ideals associated to any of the natural
sequences is weakly differentiable.

Proposition 3.2.25. Let {2y} be a weakly differentiable sequence and € is a normed operator
ideal. Then {2y o €} is weakly differentiable.

Proof. Let P = RT € A 0 €(E), with T € €(E,Ey) and R € A,(Ey). Take ¢ € A o €(E)
and define v € A;,_;(E1) by ¥(Q) = ©(QT). Note that H¢||Qlk4(E1)/ < ngHmkilO@(E)/\|T||l&*é’E1).
Clearly,

P(Pyr) = o(RpayT) = V(Rippy),
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thus © — @(Pu) = [x — (Ru)] o T belongs to 2 o €(E), because {2} is weakly differentiable
and T' € €. Moreover

|z — o(P)llagoery = [z — ¥(Ru)] o Tllgyoerm) < llz— ?/)(Rxl)HQll(El)||THZ¢(E,E1)

IN

K*[9lla, (may || Rl2g (51 HTHZC(E,El)
< KM ollag, oy IR 20 1T 116 5, 20)-

Since this is true for every factorization of P = RT, we conclude that

Iz = o(Pu)layoe(n) < K¥l|lloy_oe(my 1Plloyoe(m)-
O

Example 3.2.26. The oco-factorable (co-compact) polynomials form a sequence of normed ide-
als which is coherent and weakly differentiable since it is the composition of all the polynomi-
als with the oo-factorable (co-compact) operators [Hol86]. We already knew that the sequence of
oco-factorable polynomials is weakly differentiable since it coincide with the extendible polynomials

([KR98, Car99]).

Corollary 3.2.27. If {2}y is a weakly differentiable sequence then {A7""}y is weakly differen-
tiable.

3.2.3 Coherent sequences of minimal ideals and duality

This subsection deals with duality questions for Hpg, when the ideals in the sequence are minimal.
We will restrict ourselves to scalar valued functions. Based on duality properties for each space
A (E), we characterize the dual of Hyy(FE) as the space of holomorphic functions of exponential
type Expx(E’) associated to some sequence B of Banach spaces of polynomials.

Let 2 = {A}r be a coherent sequence at E. The Borel transform § : Hyy(E) — H(E')
assigns to each element ¢ € Hyg(E)" the holomorphic function 3(y) € H(E'), given by £(¢)(v) =
p(expoy) = p(e7).

If ¢ € Ak (E)’, we have two natural ways to identify ¢ with an element in Hyy(E)":

HbQ((E) i C or Hle(E) L C
Fo— e (YY) fo— e(df(0).

Thus, the Borel transform induces two different “polynomial” Borel transforms: f : A (E) —
PF(E') where B1(p) = B(p) and By : A(E) — PF(E') given by Bi(¢) = 3(p). Note that for
YEE, B(p)() = ¢ (79—’7) and By.()(7) = ¢ (v*).

In the polynomial setting it is more common to use the mapping Bj than the mapping [.
Moreover, it is not necessary to deal with holomorphic functions in order to define the polynomial
Borel transform By. Indeed, for a Banach space of k-homogeneous polynomials 2 (E), we can
define By, : A (E) — P¥(E') by Bi(¢)(7) = ¢ (vF), for every v € E’. Also, we can express the
holomorphic Borel transform 3 in terms of the By’s:

B(p) = i By (¢lay,(5)) '

k!
k=0
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Remark 3.2.28. In the sequel, the expression
A (E) = Br(E)

will always mean that the polynomial Borel transform By : Ap(E) — B(E') is an isometric
isomorphism.

The following lemma states that in order to have this duality, 2 (£) must be “small”:

Lemma 3.2.29. If A, (E) = By (E'), then finite type polynomials are dense in A (E):

—
Proof. Suppose there exists P € 2 (E) — P]]?(E) *. Then there is ¢ € 2,(E)’ such that ¢(P) = 1
and 30|7>}€(E) = 0. For every v € E', p(v*) = 0 and then By(p)(y) = 0. Thus Bi(¢) = 0 and
therefore ¢ = 0 in A (F), which is a contradiction. O

Since the Taylor expansion about the origin of a function f € Hyy(FE) converges in Hyy(E), we
have

Corollary 3.2.30. Let {2 (E)}, and {Br(E’)}r be coherent sequences such that Ay (E) = B(E').
Then finite type polynomials are dense in Hygy(E).

Example 3.2.31. We exhibit two simple situations of coherent sequences where the duality
A, (E) = Br(E') holds.

First, if P} (E) is the space of approximable n-homogeneous polynomials, then P%(E)" is (iso-
metrically) the space of integral polynomials P} (E’) [Din71al.

Second, if E” has the approximation property, the dual of P}, (E) coincides with P™(E") [Gup70].

Note that in both cases, the sequence of dual spaces (i.e. {P"(E")},, and {P;(E’)}, respectively)
is coherent.

Remark 3.2.32. Now we use results from [FloO1] on minimal, maximal and dual (or adjoint)
polynomial ideals to show how to obtain other examples in which the duality relation 2 (E) =
B (E") holds.

Suppose 2, is a minimal ideal and let oy be its associated k-symmetric tensor norm. If E’ has
the bounded approximation property, then 20 (E) identifies isometrically with ®§7akE’ and then
2, (E)" is isometrically isomorphic to B,(E') = A;(E’) via the Borel transform By, see [Flo01,
Corollary 4.3].

On the other hand, if we start with a maximal ideal By, let 2, = (BF)™". Again, if F' has
the bounded approximation property, the Borel transform Bj is an isometric isomorphism between

Qlk (E)/ and %k (E/)

The following proposition states that if the duals of i (F) form a coherent sequence of spaces
of polynomials, then {;(E)}x inherits the coherence.

Proposition 3.2.33. Let {®B;}r be a coherent sequence at E' with constants C and D, and suppose
W, (E) = Br(E") for all k. Then, {Ax(E)}k is a coherent sequence with constants D and C.
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Proof. First, observe that if ¢ € E/ and a € E then (1), = £(a)¢*. Thus, for every 1 € By (E'),

B () ((€")a) = €(a) B ()(€F) = €(@)y(€) = (a)(€) = By}, (ay)(€").

This implies that, for every P € PI;H(E), B ') (P,) = Bk_il(azp)(P) and

1Palloy )= sup  |Bily(a)(P)| < Dllal|[|Pllay ., (£)-
llllos (=1

By the density result in Lemma 3.2.29, we obtain that for every P € 011(F) and every a € E, P,
belongs to 24(E) and || Pylag () < Dlalll| Pl (5

To prove the second condition of coherence, note that if v and ¢ are in E’ and ¢ € By 1(F')
we have, by the polarization formula,

Bl ()(v¢") =
= m 517...7§1i1 g1+ €k+1Bk_J}1(¢)((€1’y +(eg + -+ €k+1)§)k+1)
= m Z 51...€k+1¢(€1'y+(52+...+€k+1)5)

€1yeesEpp1=2E1
= 1,(€) = By ' (#,)(€").
This implies that if P is a finite type k-homogeneous polynomial on F, then B, J}1(¢)(fyP) =
B, '(¢)(P). And thus, for every P € P}‘“‘(E),

IvPllays ) = sup By () (P)] < ClvI|IPllay, (-
llllos (=1

Therefore, again by Lemma 3.2.29, for every P € 2 (E) the polynomial vP belongs to 1(E)
and [[7Pllag ., (5) < ClIVIIP Iy (m)- O

In order to study the dual of Hygy(E), we need the following

Definition 3.2.34. Let B = {By}r be a coherent sequence at E. We define the holomorphic
functions of B-exponential type on E,
1
Exps(E) = {f € H(E) : d*f(0) € By(E) for all k and limsup Hdkf(O)H%k < oo}
k—o0
A classical result of Gupta states that, for E’ with the approximation property, the Borel
transform defines a duality between the space of nuclearly entire functions of bounded type over

E, Hyy(FE), and the space of holomorphic mappings of exponential type on E’', Exp(E’) [Gup70,
Din99]. In an analogous way, we prove the following:

Proposition 3.2.35. Let {B,(E’)}r be a coherent sequence and let {Uy(E)}y be such that Ay (E) =

!/

Br(E") for all k. Then the Borel transform is a vector space isomorphism between Hpy(E)" and

Expy(E').

Proof. Let ¢ € Hyy(E)'. Since ¢ is continuous, there are constants ¢, R > 0 such that |p(g)

IN A

cpr(g), for every g € Hpy(FE). In particular, for each k, if g belongs to A, (E), we get |¢(g)

CRkHQHQLk(E)' Then Hgo‘mk(E)Hﬁk(E)/ < cRF, for every k > 1. Moreover, since W(w

k 1 1
Pla. oy () we have that d*6(p)(0) = Byl ). Then [°8) ), ) = I91a. Il oy <
i R. Therefore, 5(¢) € Exps(E').

N
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The Borel transform g is injective as a consequence of Corollary 3.2.30. To see that it is also
1
surjective, let ¢ € Expy(E’) and A = supy, ||dk¢(0)\|§3k(E,). For each g € Hyy(F), we define

=) ()

Since i i
d"g(0) = d"g(0)
we have ¢ € HbQ[(E) ) Flnally, simple computations show that 3(p) = 1. O

3.2.4 Convolution operators and hypercyclicity

Let X be a Fréchet space. An operator T': X — X is hypercyclic if there exists z € X such that
its orbit {T"x : n > 1} is dense in X.

The first example of an hypercyclic operator was given in 1929 by Birkhoff, who proved that
translation operators in H(C) are hypercyclic:

Theorem 3.2.36 (Birkhoff, [Bir29]). Let 0 # a € C. Then there exists a function g € H(C) such
that the set {g(na + -) : n € N} is dense in H(C) (with the topology of uniform convergence on
compact sets), that is, the operator 4 : H(C) — H(C) defined by 7o(f) = f(a+ ) is hypercyclic.

A related result was shown by MacLane in 1952:
Theorem 3.2.37 (MacLane, [Mac52]). The differentiation operator on H(C) is hypercyclic.

In a seminal work, Godefroy and Shapiro [GS91] showed that every convolution operator in
H(C™) which is not a scalar multiple of identity is hypercyclic. In this way, they generalized the
classical results of Birkhoff [Bir29] and MacLane [Mac52] mentioned above. Analogues of Godefroy
and Shapiro’s result for some particular spaces of holomorphic functions on Banach spaces are
proved in [AB99, Pet01, Pet06].

Given a coherent sequence A(E) = {2 (F)} of Banach spaces of k-homogeneous polynomials,
we defined a Fréchet space Hyy(E) of holomorphic function of bounded type associated to A(F). In
this subsection, under the duality conditions for the 2 (E)’s studied in the previous subsection, we
prove a Godefroy-Sahpiro theorem for Hypg(E). We obtain some results of [AB99, Pet01, Pet06] as
particular cases. We prove that spaces of holomorphic functions generated by polynomial minimal
ideals are covered by our settings, if the dual space E’ has the approximation property. We will
also consider polynomials of the Schatten-von Neumann class in the sense of [CKP92] and the
associated space of holomorphic functions in the next subsection. We will use the characterization
of convolution operators on the space of holomorphic functions Hyg(E) obtained in subsection
3.2.2, the description of Hyy(E) given in Proposition 3.2.35 and the hypercyclicity criterion. This
criterion is most commonly used tool to prove the hypercyclicity of linear operators. It was first
proved by Kitai in her unpublished thesis, and some years later rediscovered by Gethner and
Shapiro:

Theorem 3.2.38 (Hypercyclicity Criterion, [GS87, Kit82]). Let X be a separable Fréchet space
and T a continuous linear operator on X. Suppose that there are dense subsets Xg and Yy of X, an

increasing sequence (ny) of positive integers and (possibly non-linear and discontinuous) mappings
Shn,, : Yo — X such that
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(i) for every x € Xo; T™ x — 0,

(1) for every y € Yo; Sn,y — 0,

(i) for every y € Yo; Ty, © Sn,y — Y.
Then the operator T is hypercyclic.

A longstanding open problem in the theory of the dynamics of linear operators was if ev-
ery hypercyclic operator satisfies the Hypercyclicity Criterion. Recently, De La Rosa and Read
[dIRR09], constructed a Banach space X and a hypercyclic operator 7" which does not satisfy the
Hypercyclicity Criterion.

We now prove the announced result about hypercyclicity of convolution operators. We follow
the steps of the proof of [Pet01, Theorem 3.1].

Theorem 3.2.39 (The Godefroy-Shapiro Theorem for Hyg). Suppose that E' is separable. Let
{B(E")}r be a coherent sequence and {Ax(E)}y be such that Ay (E) = By (E') for every k. Then,
every convolution operator T : Hyy(E) — Hyg(E) which is not a scalar multiple of the identity is
hypercyclic.

Proof. By Corollary 3.2.18, there is a linear functional ¢ € Hyy(F)" which satisfies T(f) = ¢ * f
for every f. Since T is not a scalar multiple of the identity, it follows that ¢ is not a scalar multiple
of (50.

Since E’ is separable, by Corollary 3.2.30, Hyy(FE) is separable. Therefore, we can use the
Hypercyclicity Criterion 3.2.38.

First, note that span{e” : v € U} is dense in Hpy(FE) for any nonempty open set U C E’.
Indeed, if ¢ € Hyy(E)" and ¢(e?) = 0 for every v € U, then 3(¢)) =0 in U and we have (1)) = 0.
This means that ¢ is 0.

Also, the fact that ¢ is not a scalar multiple of §y implies that 5(¢) is not a constant function.
Indeed, if 3(p) was constant then A = ¢(1) = 8(¢)(0) = B(¢)(7) = ¢(e?) for all v € E’. But, on
the other hand, A = A\jy(e?) for all v € E’ and we would have that ¢ = \dy.

We will now prove that T satisfies the Hypercyclicity Criterion. Let

V={yeE :Be)() <1} and W ={yeFE :[B(p)(y)|>1}

Then V,W C E’ are open sets, and they are nonempty. Indeed, if W = @ (V = &) then 3(p)
(ﬁ) would be a nonconstant bounded entire function. Let

Hy(E) =span{e’, y € V} and Hy (E) = span{e’, vy € W}.

As we have observed, Hy (E) and Hy (E) are dense in Hyg(E).
For vy e V,

T(e") = pxe’ =[x (rze?)] = p(e?)e” = B(p)(y)e”.

Then T(Hy(E)) C Hy(E). Also, T"(e?) = B(p)(y)"e?, and since |B(p)(y)| < 1 for v € V, we
obtain that T"(f) — 0, for every f € Hy(E).

-

For v € W, let S(e7) = A e)( 5 Since {e?, v € W} is linearly independent (see the proof
L)

of [AB99, Lemma 2.3]), we can linearly extend S to Hy (E). Then S(Hw(F)) C Hw(E) and

S"(e7) = WE’Y)". Thus S™(f) — 0, for every f € Hy (E), since |5(¢)(y)| > 1 for v € W.
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v
Finally, T'S(e") = T<ﬂ( 6)( )) = €7 and therefore TSf = f for all f € Hy (FE).
PI\Y
By the Hypercyclicity Criterion, T is hypercyclic. O

Now we apply the previous results to different spaces of holomorphic functions.

Example 3.2.40. In [AB99] the authors study differentiation operators in Hj.(E), the space of
holomorphic functions of compact bounded type on E (that is: f =) P, € Hp.(F) whenever each
P, is an approximable n-homogeneous polynomial and ||Pn\|% — 0, where || - || denotes the usual
norm). They show that if the differentiation operator is constructed from an entire function of
exponential type on C, then it is hypercyclic. This result is a particular case of Theorem 3.2.39
since, as we will show in the next chapter (Example 4.2.6), every such differentiation operator in
Hy.(F) is a convolution operator.

Example 3.2.41. If E’ is separable with the approximation property then we can apply the
previous theorem to the space Hyy(F) of nuclearly entire functions of bounded type. This answers
a question of Aron and Markose in [AM04]. For E a dual Banach space and a slightly different
definition of nuclear polynomials, Petersson obtained a stronger version of this result [Pet06].

Example 3.2.42. Let {2} be a sequence of minimal ideals. If E” has the bounded approximation
property, 2 (E)" can be identified with B (E") = Af(E’) (see Remark 3.2.32). Therefore, if E' is
also separable and {B(E’)}, is coherent, the convolution operators on Hyy(FE) are hypercyclic if
they are not scalar multiples of the identity.

For example, we can take 2 to be the minimal ideal associated to the tensor norm n; [KR9S8,
Car99]. In this case, {8y}« is the coherent sequence of extendible polynomials.

In the next subsection, we present other examples in which the hypotheses of Theorem 3.2.39
are fulfilled. Namely, we consider the holomorphic functions of bounded type associated to the
Schatten-von Neumann polynomials in the sense of Cobos, Kiithn and Peetre [CKP92].

3.2.5 Schatten-von Neumann entire functions of bounded type

In this subsection we define of Schatten-von Neumann polynomials and holomorphic functions using
the complex method of interpolation [Cal64, BL76]. We study some of their properties and show
that the results from the previous subsection may be also applied in this case.

Suppose ‘H is a separable Hilbert space. Let us first recall the definition of Hilbert-Schmidt
n-homogeneous polynomials on H, which will be denoted S¥(H). For finite type polynomials it is
possible to define an inner product in the following way: ify,z € H, ( {-,y)", (-, 2)") = (z,y)". Then
SY(H) is the completion of the space of finite type polynomials P}L(H) with this inner product.

Note that if {e;}; is an orthonormal basis of H and P,Q € S§(H), then

o0

(PQ)= Y Plei,....e,)Q(ei, ... ei,).

015 in=1

Also note that the Borel transform is an isometric isomorphism between (S5 (H)) and S5 (H').
Cobos, Kithn and Peetre in [CKP92] defined the Schatten-von Neumann classes of multilinear
functionals on H. We adapt their definition to homogeneous polynomials on H. To this end,
throughout this section we will denote by S7'(H) and S% (H) the spaces of n-homogeneous nuclear
and approximable polynomials on H, respectively. Since H’ has the approximation property and
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the Radon-Nikodym property, the Borel transform is an isometric isomorphism between (S} (H))’
and P"(H'), and also between (87 (H))" and SI'(H').
Following [CKP92], we define:

Definition 3.2.43. The Schatten-von Neumann p-class of n-homogeneous polynomials on H is
defined as

Sp(H) = ST (H), S5 (H)lo,
with 1% =1-0and 0 < 0 < 1. Here, [S'(H),S%L(H)]p denotes the space obtained by complex
interpolation from the pair (S7(H),S%(H)), with parameter 0.

The following result, which is the polynomial version of [CKP92, Theorem 3.1] and can be
proved analogously, shows that this definition is consistent with the definition of S§(H).

Proposition 3.2.44. We have the following isometric isomorphisms
[ST(H), P"(H)]1/2 = [ST(H), S5 (H)l1/2 = S5 (H).

The above proposition may be obtained using the real method of interpolation, but only equiv-
alent norms are achieved (see [CKP92]).

In the proof of [CKP92, Theorem 4.5], the reflexivity of S;(H) is proven. In fact, this can be
seen as a consequence of the following result:

Proposition 3.2.45. If 1 < p,q < oo are such that % —1—5 = 1, then the Borel transform is an
isometric isomorphism between (S) (H))" and S;'(H').

Proof. We know that the statement holds when p = 2. Next, assume 1 < p < 2.
By the Reiteration Theorem [BL76, 4.6.1] for the complex method,

Sp(H) = [S1(H), S (H)lo = [S1(H), S5 (H)]»,

where 0 = 4. Then S}'(H) = [ST(H), S5 (H)]20-
In the following two cases, the Borel transform is an isomorphism

P™(H) and,

By (ST(H))
p Sy(H).

N
Bp: (S{(H) —
Then By, : [(ST(H))', (S5 (H)) |20 — [P"(H'), S5 (H')]20 is an isomorphism.

Since 8§ (H) is reflexive, and by a duality theorem [BL76, Corollary 4.5.2.], we have

[(ST(H))', (S5 (H)) J20 = [ST'(H), S5 (H)]59 = (Sp(H))".

p

On the other hand,
[P"(H'), S5 (H)|20 = [S5(H'), S5 (H')]20 = [ST'(H), Sec(H)],

with v = 20 4 (1 — 26) = 1 — 0 (the first equality follows from [BL76, Theorem 4.2.2.] and the
last one from the Reiteration Theorem). Therefore, By, : (S;(H)) — [S{(H'), S (H')], = S;H(H')
is an isomorphism, with % =1—v =40, that is, % =1- 1—1).

For the case 2 < p < 0o, we have

Sy(H) = [S1'(H), St (H)lo = 185 (H), & (H)]n,

where 1) = 260 — 1. We proceed analogously to obtain the desired result. U
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Corollary 3.2.46. For 1 < p < oo, the Schatten-von Neumann classes Sg(’H) are reflexive.

Since complex interpolation method is an exact interpolation functor of exponent 6, we have
from Proposition 3.1.19:

Corollary 3.2.47. For every 1 < p < oo, the sequence of Schatten-von Neumann p-classes of
homogeneous polynomials {Sk(H)}i is coherent.

We denote by Hys,(H) be the holomorphic functions of bounded type of the Schatten-von
Neumann p-class on H. From Propositions 3.2.45 and 3.2.35 we have:

Corollary 3.2.48. If1 < p,q < oo are such that 117 + % = 1, then the Borel transform is a vector
space isomorphism between Hys,(H)" and the qg-Schatten functions of exponential type, Exps,(H).

By Proposition 3.2.45 we may apply Theorem 3.2.39 to the Schatten-von Neumann functions
and thus we have:

Corollary 3.2.49. Let ‘H be separable Hilbert space. For 1 < p < oo, every convolution operator
on Hys,(H) which is not a scalar multiple of the identity is hypercyclic.

The case p = 2 of this result (Hilbert-Schmidt holomorphic functions of bounded type) was
proved by Petersson in [Pet01].

Remark 3.2.50. We can also use the real interpolation method ([BL76, Chapter 3]) to define
similar classes S,. Indeed this was also done in [CKP92], where the authors proved that the
Hilbert-Schmidt trilinear forms are (S1,Sx)1/2,2 With equivalent norms.

Let E be any Banach space, we define S’;f(E) = (SF(E),SE(E))g,2, with 6 = 1 —11? (note that in
[CKP92, p.136], the class S, on Hilbert spaces was defined using the real method by (Si,Sx)ep),
where Sf and S% denote the nuclear and approximable k-homogeneous polynomials respectively.

Proposition 3.2.51. Let E be a Banach space whose dual is an Asplund space with the approxi-
mation property, % + % =1. Then Sg(E)’ = Sé“(E’), with equivalent norms.

Proof.

SKEY = (SHE).SL(E),
= (SH(EY.S5(E) )2

= (PME'), PF(E))oz
= (Su(E),PY(E)e2

= (PN(E), S5 (E)1—02 =S}

= HE,

where in (1) we used the duality theorem [BL76, Theorem 3.7.1], in (2) we used [BL76, Theorem
3.4.2 (d)] and the fact that for Asplund spaces nuclear and integral polynomials coincide [Ale85a,
CDO00], and in (3), [BL76, Theorem 3.4.1 (a)]. O

By Proposition 3.1.19 the sequence {Sg}k is coherent, so we may define the S'p—entire functions
of bounded type, be:p (E). Therefore we have that if E is a Banach space and E’ is Asplund,
separable and with the approximation property, every convolution operator not multiple of identity
on H bSP(E) is hypercyclic.
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3.2.6 Holomorphic mappings on open sets

In this subsection we define 2A-holomorphic functions on open subsets U C E and more general
on Riemann domains spread over E. The definition when U is a ball is almost immediate: we

k 1
defined entire mappings as functions f such that lim H%,(O)Hglk = 0; this may be interpreted as if
the “QU-radius of convergence” of f is co. Analogously, the 2-holomorphic mappings of bounded

type on a ball of radius r should have “Q-radius of convergence” equal 7.

Definition 3.2.52. Let A = {Ap}r be a coherent sequence of polynomial ideals; E,F Banach
spaces and x € E. Let B.(x) = Bg(z,r) be the open ball of radius r and center x in E. We define
the space of A-holomorphic functions of bounded type on By(x) by
1/k 1}
<=4,
A T

dk
Jl;(x) € A (E,F) and limsupH
: k—o0

d* f(x) ‘

Hia(B,(2).F) = {f € H(B,(2).F) - -

We consider in Hyg(B,(x), F') the seminorms pg, for 0 < s < r, given by

pn =2 | 4]

Ay,
for all f € HbQ[(BT(fE), F)

Proposition 3.2.53. Let 2 be a coherent sequence and r > 0. For every Banach spaces E and F
and v € F, (HbQ[(Br(.’IJ), F), {p5}0<5<7«) is a Fréchet space.
Proof. Note that it suffices to consider the seminorms {pr(k 1 )}neN, and therefore the space

(HbQ[(BT(.’IJ), F), {p5}0<8<r) is metrizable. The completeness may proved as in Proposition 3.2.2.
]

We also have results similar to those about Schauder decompositions for spaces of entire map-
pings given in Subsection 3.2.1.

Proposition 3.2.54. Let 2 be a coherent sequence and r > 0. Then {Ay(E, F)}k is a r-Schauder
decomposition of Hyy(By(x), F).

Remark 3.2.55. By [GMRO00, Remark 5], it is not possible to have a topological isomorphism
between a Fréchet space with an R-Schauder decomposition (0 < R < oo) and a Fréchet space with
an oo-Schauder decomposition. So, for every coherent sequence 2 and every Banach spaces E and
F, the spaces Hyy(E, F) and Hyy(By(z), F') are not isomorphic.

Also, analogously to Proposition 3.2.13, we have:

Proposition 3.2.56. Let 2 be a coherent sequence of polynomial ideals and let E and F' be Banach
spaces and r > 0. Then:

(a) Hpu(By(x),F) is reflexive if and only if Ax(E, F) is reflexive, for all k.
(b) If E is Asplund, Hyy(B,(x), F) is topologically isomorphic to Hyr(B,(x), F).

(¢) Hyu(By(x), F) contains copy of cq if and only if there exists k € N such that Ay (E, F') contains
copy of cg.
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Observe that, even though Hyy(E, F') and Hyy(B,(z), F') are never isomorphic, it follows from
the previous proposition and Proposition 3.2.13 that they are both reflexive or none of them are.
Also, both contain ¢y or no one does.

To finish this chapter we define 2-holomorphic mappings of bounded type on general open
subsets and on Riemann domains. This will be done in two steps. First we will define a space
of holomorphic mappings on a Riemann domain X which resembles much the definition given in
[DV04, Section 3] of the space Hy(X) of holomorphic functions on X that are bounded on every ball
which is X-bounded, but associated to a coherent sequence. Then the 2-holomorphic mappings of
bounded type on X will be asked to have some kind of “uniform boundedness” on X-bounded sets.

Let (X,p) be a Riemann domain over E and = € X. A ball B,(z) is a subset of X such that
PlB, () : Br(7) — B(p(x)) is an homeomorphism, and dx : X — Ry is the function defined by:
dx(x) =sup{r > 0: B,(x) exists}.

Definition 3.2.57. Let F' be a Banach space. We will say that a mapping is in Hay(X, F') if it is
A-holomorphic of bounded type on each ball in X, that is,

Huyy(X,F):={f € H(X,F) : for everyz € X, fo (p|BS(‘,,£))71 € Hyy(p(Bs(x)), F), Vs < dx(z)}.
(3.4)

We define the seminorms p?(f) by

P ="
k=0

’d"“f(w)‘
k!

Ay (E,F)’

klfo —1
for 0 < s < dx(x), x € X and where dki!(m) — U (pff(”)) ](p(:c)) These seminorms define a
topology on Hgg(X) which is always complete (see Remark 3.2.61) but not necessarily a Fréchet
topology unless E is separable. In that case we may copy the proof of [DV04, Proposition 3.2] to
obtain:

Proposition 3.2.58. Let 2 be a coherent sequence and (X,p) be a connected Riemann domain
over a separable Banach space E, then Hyy(X, F') is a Fréchet space.

The definition of Hgg was inspired in [DV04], indeed, if 2 is the sequence of all homogeneous
polynomials and F' = C then Hgy(X) = Hy(X) defined in [DV04, Section 3]. It was shown there
that Hy; = Hj for balls but they have shown an example of a bounded open subset U of ¢ such
that Hy(U) € Hy(U).

Definition 3.2.59. We define the A-holomorphic mappings of bounded type on X as the mappings
in Hyy(X, F) such that, on each X-bounded open set A, the seminorms p% (with x € A and
Bs(z) € A) are uniformly bounded. That is, if we define pa(f) := sup{p?(f) : Bs(xz) C A}, then

Hyy(X,F) ={f € Hin(X, F) : for everyx € A CC X, A open,pa(f) < oco}. (3.5)
For 2 the sequence of all homogeneous polynomials, Hyy(X, F) = Hp(X, F).

Proposition 3.2.60. The seminorms {pa: A CC X, A open} define a Fréchet space topology on
Hle(Xv F)
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Proof. Tt is clear that the topology may be described with the countable set of seminorms {px,, }nen,
where X, = {z € X : [|p(z)|| < n and dx(z) > 1}, so we only need to prove completeness. Let
(fx) be a Cauchy sequence in Hpgy (X, F'), then it is a Cauchy sequence in Hy(X, F'), so there exists
a function f € Hp(X, F') which is limit (uniformly in X-bounded sets) of the fi’s. Let A CC X,
x € Aand r < dx(z). Then (f; o (p|Br(m))_1) is a Cauchy sequence in Hyy (B, (p(x)), F') which
converge to fo(p|p, (x))_l). Since Hyy(By(p(x)), F) is complete we have that fo(p|g, (m))_l) belongs
to Hy(By(p(z)), F'). Moreover, pZ(f) < supy, pZ(fx) for every s < r. Note also that p4 is bounded
in the Cauchy sequence (f), therefore

pa(f) =sup{p;(f) : Bs(z) C A} < SL;PPA(fk) < oo.

Remark 3.2.61. Note that we have also proved that Hyg(X, F') is complete.






Chapter 4

Multiplicative sequences and algebras
of entire functions of bounded type

We define the concept of multiplicative sequence 2 of scalar polynomial ideals. This allows us to
associate an algebra of entire functions of bounded type Hpgy(E) to a coherent and multiplicative
sequence of polynomial ideals. We study convolution operators on Hpy(F). We prove that, under
very natural conditions satisfied by many examples of sequences, the spectrum of the associated
algebra “behaves” like the classical case of My(F) (the spectrum of the algebra of all entire functions
of bounded type, Hy(E)). More precisely, we prove that Myy(E) can be endowed with a structure
of Riemann domain over E” and that the extension of each f € Hpgy(FE) to the spectrum is an 2-
holomorphic function of bounded type in each connected component. We also prove a Banach-Stone
type theorem for these algebras of holomorphic functions.

We also investigate how to define algebras of holomorphic functions associated to sequences of
polynomial ideals on more general open sets. In [CDMO07, CDM], we can find most of the material
appearing in this chapter.

4.1 Multiplicative sequences

In this chapter we will study algebras of holomorphic functions of bounded type associated to
sequences of polynomial ideals. Let 2 = {2} be a coherent sequence at E. We will write 2(E) to
denote the sequence {2 (E)}. Condition (i7) in the definition of coherence states that the product
of a polynomial in A(F) by a linear functional remains in 2(E). But if we take two polynomials in
A(E), is their product in A(E)? As the following example shows, this is not necessarily the case.

Example 4.1.1. The construction in Section 3.1.1 can be easily adapted to obtain a coherent
sequence {2, }, with 2y = £, Ay = P2, A3 = P3 and Ay = 733,800 (the 4-homogeneous polynomials
that are weakly sequentially continuous at 0). To see that the sequence is not multiplicative
consider, for instance, P € P%({2) given by P(z) =Y., 22. Then P € As(f2) but P? & Ay(ls).

Thus, in order to obtain that Hpy(F) is an algebra we introduce the following;:

Definition 4.1.2. A coherent sequence at E, A(E) = {Ax(E)}i is multiplicative (at E) if there
exists M > 1 such that for each P € Ai(E) and Q € A;(E), we have PQ € Ay 1(E) and

1PQlloyy ,y(my < MM Pllog () 1Ql2g (1) -

83
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Remark 4.1.3. Ezample 4.1.1 shows that not every coherent sequence is multiplicative.

We will show now that {(FE)}x is multiplicative, then Hyg(E) is a Bp-algebra, that is a
complete metrizable topological algebra such that the topology is given by means of an increasing
sequence || - [l < |- |l2 < ... of seminorms satisfying that ||zy|; < Cil|z|j4+1]ly]j+1 for every z,y
in the algebra and every j > 1, where C; are positive constants.! In Section 4.4 we will prove that
in many cases (like the nuclear or integral) Hyy(FE) is a locally m-convex algebra.

Lemma 4.1.4. Let A(E) = {UAr(E)}r be a multiplicative sequence of normed ideals. If f,g €
Hyy(E) then fg € Hyy(E). Moreover, Hyy(E) is a By-algebra.

Proof. We already know that Hyg(FE) is a Fréchet space. Moreover, the topology may be given by
the sequence of seminorms {pysn tnen (see Section 3.2). Take f, g € Hpy(FE) with Taylor expansions

d a
= ZPk and g = ZQk, where Py, Qi € Ax(E). Then M = ZPij_j belongs to
— =0
Qlk.(E), since A(F) is multlphcatlve Take r = M™, with n € N then

k|| 4 (f9)(0) RS A
;T Hi\w) _ ; sz_juw)g;r M j20\|Pj\|mj<E>\|Qk_j||mkjw)

k!
= > (MY [Pl ) D (rM) N Qujlla, 1) = Pras (F)praa(9) < oo
j=0 k=j
Therefore fg € Hyy(E) and p,(fg) < prar(f)prar(g). Therefore Hyy(E) is a By-algebra. O

Below we give some examples of sequences of polynomial ideals which are multiplicative at any
Banach space. The coherence was already shown in the previous chapter.

Example 4.1.5. (a) If 2 is the ideal of all k-homogeneous (or of compact, weakly compact,
approximable, extendible) polynomials then it easy to see that {2y (E)}x is a multiplicative
sequence with constant M = 1.

(b) If 2 = P¥ is the ideal of all k-homogeneous nuclear polynomials then {2l (E)}x is a mul-
tiplicative sequence. This was proved by Dineen [Din7la, Lemma 15] for separable Hilbert
spaces. The general case may be deduced as a consequence of the following example and
Corollary 4.1.14 (see Example 4.4.8).

(c) If Ay is the ideal of all k-homogeneous integral polynomials then {2(;(E)}x is a multiplicative
sequence. Indeed, for P € P;(*E), Q € P;('E), let us prove that PQ is a continuous linear
functional on the k-fold symmetric tensor product of F with the injective symmetric norm

(7). Take ¢ = lek+l€®fi:ll’sE’, then
[(PQ,v)| = |ZP:CZ ) Zx’“@xz | <Pl s !Zv
<w )

<[Pl QI Sup sup 1> (@) o).
%

yEB E’ peB B

1Tt is possible to make C; = 1 for all i.
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Let R € P(*E"), R(y) :== >, v(z;)**! for v € E'. Then by [Har97, Corollary 4], if we take
v, P € SE’, we obtain

v (k + z)k+l R
R(~,... ... = i) i) l < —
k l
DM R y
= RO RE Ak Zx
Therefore,
(k + DR k1 1) .
‘(PQﬂM‘ < ThAD llHH‘IHQHﬁkHW%

(k+0)k+
and so PQ is integral with |PQ||; < %:,L f; I1P|I711QIlr < Y P|I7|Qlr-

(d) If Ay is the ideal of all k-homogeneous multiple r-summing polynomials then {2 (E)}y is a
multiplicative sequence with constant M = 1. The proof is similar Example 3.1.9, but the

notation is more messy.

Let P € M¥(E),Q € M.(E), then

" kL, Y
. S81...8
(PQ)Y (x1, ..., Tppt) = i > Plar, U ) Qs o)
: S1yees s;=1
17 sy
\/ S S
where P(z1, "', xp4;) means that coordinates z,, ..., x5 are omitted.

Take (x ZJ) C E, for j =1,...,k +1, such that w,«((ac;])) = 1. Then, using the triangle
inequality for the £,-norm,

mi,...,Mk41 . T
S PQYE I | <
i1y =1
! k41 MLt iy N 1/r
° 81...8
< k+ 1) Z P(xy, )| Qs -2,
’ 211,¥~,S;léj1 11, i1 =1
M
Ll k+1 MsqseeeyMsy v r Lr
SHam o |2 [Qama)| 1Py
g Nt =l
Iz k+1
S > Pl Qe
= |
(k+l) EERTEED) s=1
s1FFS)

Hence, PQ is multiple r-summing with [|PQ|| s+ < [P pgx | Q1 s -

Also, given sequences which are multiplicative we can obtain new multiplicative sequences from
them. For example, interpolation of multiplicative sequences is multiplicative. In this way we can
obtain many other examples of multiplicative sequences. Here we will use the complex interpolation
method, but any other method with a nice bilinear interpolation theorem would work.
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Proposition 4.1.6. Let E be Banach space and let {A)(E)}x, {UL(E)}, be coherent multiplicative
sequences (with constants My and My, respectively). Then, the sequence {A%(E)}x, is multiplicative,
where A (E) = [AY(E),AL(E)]g, for every 0 < § < 1 (with constant M&fer).

Proof. We already know that interpolation of coherent sequences is coherent (Proposition 3.1.19).
Since {ﬂi(E)}k is multiplicative, for j = 0,1, we can define a continuous bilinear mapping

o W(E) xA(E) — A (E)
(P,Q) = PQ.

It follows that H@i <M f*l. Then, by the Multilinear Interpolation Theorem [BL76, Theorem
44.1], (P,Q) — PQ defines a mapping

® 0 W(E) xAN(E) — A, (E),

which is continuous and has norm less than or equal to (Mé_GMf )kH. That is, if P € A(E),
Q € A(E), then PQ € A (E) and

1PQl g

k

_ k+1
e S () Pl @l
O

Example 4.1.7. The sequence {55}19 of Schatten-von Neumann polynomials on a Hilbert space ‘H

(defined in Subsection 3.2.5) is multiplicative. For example, for the Hilbert-Schmidt polynomials

(p = 2) we have that if P € S¥(H) and Q € Sy(H) then PQ € SS*'(H) and [PQ| g+t <
2

Ve ! PllgsllQllsy. Tn [Pet01, Lemma 2.1] it had been proved that 1PQIl gt < 25| P 5 1Qllsy-

We can also obtain multiplicative sequences using the composition of ideals, as the next two
propositions show.

Proposition 4.1.8. Let {2y }x be a sequence of polynomial ideals and € a closed ideal of operators.
Suppose that for each Banach space E, each time that P € Ax(E) and Q € A(E) then PQ €
Q[k+l(E) and

1PQlla,,,(2) < cllPllay, )| Q2 (2)-

Then, the sequence {2y o €}y has the same property.

Proof. Take P € A o €(E) and @ € 2; o €(F) and write them as P = PoSand Q =QoT,
with S € €(E, E), T € €(E,By), ||Sllez.m) = IITllezm) = 1. P € A(En) and Q € Ai(Ey).
We consider the product space F7 x Eo with the supremum norm and define S : F — E; X Ey
and T : E — E; x Ey by S(z) = (S(x),0) and T(z) = (0,T(x)). Clearly, S and T belong to
¢(E, By x Ey) and so does S + T. Moreover, the norm of S+ T in € is the maximum of those of
S and T, thus ||S + Tl|¢(m,5,xm) = 1-

On the other hand, in a similar way we can see that R : Ey X Ey — K given by R(y1,y2) =
P(y1)Q(y2) belongs to Ay i(Er X Ez), and [[Rlla, (B xEs) < CllPllay ) 1Qlloy (k). Since PQ =
Ro (S +T), we have that PQ belongs to A4; o €. Moreover,

”PQ”mk+lO€(E) S “R”mk+l(E1XE2)“§+THI<€;—(’—El7E1><E‘2) S CHp”Q(k(E1)HQHQ(Z(E2)

Considering all the possible factorizations of P and @ (with operators of norm 1) we obtain the
desired norm estimate. O
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Corollary 4.1.9. Let A = {2} be a multiplicative sequence and € a closed ideal of operators.
Then {2y o €}y is a multiplicative sequence.

Proof. Just combine Propositions 4.1.8 and 3.1.2. U

Proposition 4.1.10. Let {2} be a sequence of closed polynomial ideals and € a normed ideal of
operators. Suppose that for each Banach space E, each time that P € A (E) and Q € A;(E) then
PQ € Ay 1(E). Then, the sequence {Uy o €}y is multiplicative with constant M = 1.

Proof. Take P € 2, 0 €(E) and Q € ; 0 €(E) and write them as P = Po S and Q = Q o T, with
S € ¢(E,E), T € €(E,E), |Slle,m) = |ITllem,m) =1, P € W(Er) and Q € A(Ez). As in
the previous proposition, we consider the product space E1 X Fo, but with the ¢; norm and define
S:E—E xEyand T : E — F; x Ey by S(z) = (S(z),0) and T(z) = (0,T(z)). Clearly, S and
T belong to C(E, Ey x Fy) and so does S + T. Moreover, ||S + THC(E,EleQ) =2.

If R: By x By — K is given by R(y1,y2) = P(yl)Q(yg), then it belongs to 2 (E1 X Es), and

|P(21)Q(x2)]

(z1,22)EE1 X E> H(xl, xQ)H%JlriEQ

|P(21)Q(x2)] Pl el @l (22)
- ok+1 :

||R‘|Qlk+l(E1 XEQ)

< sup
el g, =lleall gy =1 (121llEy + ll22]lE, )P

Since PQ = Ro (S + T), we have that PQ belongs to ;. o €. Moreover,

HPQHQlk+lO€(E) S “R”mk+l(E1XE2)”‘§+TH@-(FEZ‘7E1><E‘2) S HP”Q(}C(E1)HQHQ(Z(E2)

Considering all the possible factorizations of P and @ (with operators of norm 1) we obtain the
desired norm estimate. O

Example 4.1.11. The sequence {P~ }i of co-factorable polynomials (also of strongly co-factorable
or co-compact polynomials) is multiplicative with constant M = 1.

Suppose we have a sequence of ideals which is related to tensor norms. The multiplicativity
of the sequence then translates in properties of the tensor norms, depending on how the ideals
relate to them. To illustrate this we state the following proposition, which is a generalization of
Lemma 3.1.28:

Proposition 4.1.12. For each k, let ap be a finitely generated k-fold symmetric tensor norm «y.
Consider A" and QlZ“" mazimal and minimal ideals associated to ay. Then the following are
equivalent.

(i) For every Banach space E, if P € 0" (E) and Q € A" (E) then PQ € A7 (E) and

[ PQllagas £y < ekl Pllagres (g | Qllagra= ().

k41

(ii) For every Banach space E, if P € 0" (E) and Q € A" (E) then PQ € A1 (E) and
1PQllagrin () < il Pllagrin (i) [ Qllogrin () -
. k, [}
(iii) For every Banach space E, if s € @,° E' andt € @, E', then

ap+1(0(s @ 1)) < cpgap(s)a(t).
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Proof. The three statements are clearly equivalent if F is a finite dimensional Banach space. Since
oy, is finitely generated, (i) is implied by (i¢) or by (iii) for all Banach spaces.

We now prove that (7) implies (4i7). Note that (i7i) is equivalent to prove that the bilinear
map ¢pg : (®l;: E' x ®flf E | - Hoo> — ®§ﬁls E', ¢p(s,t) = o(s ®t) is continuous of norm
< ¢y, for every Banach space E. If (i) is true then ¢g is continuous (with norm < ¢ ;) for every

finite dimensional Banach space S. Let M, N be two finite dimensional subspaces of E’ such that
s €@ M and t € " N. Then

Qe (J(S ®t), ®k+l7s M + N) < ¢y max{oy (3, ®k’s M + N) , (t, ®l7s M + N)}

k,s l,s
< ¢y max{oy (3,® M),al (t,® N)},
where the second inequality is true by the metric mapping property. Taking the infimum over M

and N we obtain that ||¢g| < c;; and thus we have (ii7).
To see that (i) implies (i), just note that A7 = A% o F and use Proposition 4.1.8. O

Remark 4.1.13. (a) Note that in the proof of the previous proposition, we have shown that if
any of the three conditions are fulfilled for arbitrary finite dimensional Banach spaces, then every
Banach space satisfy the three of them.

(b) Condition (iii) is one of the inequalities satisfied by a “family of complemented symmetric
seminorms”, defined by C. Boyd and S. Lassalle in [BLO0S].

Corollary 4.1.14. Let % = {2}, be a multiplicative sequence. Then {7}y, and {A79 Yy are
multiplicative sequences.

To finish this section we present another family of examples of multiplicative sequences: the
natural sequences of polynomial ideals as defined in [CGb] are multiplicative (see Subsection 3.1.5,
where we have recalled their definition).

For the multiplicativity of the polynomial ideals associated to the natural symmetric tensor
norms we need the following:

Lemma 4.1.15. For each k, let oy be a finitely generated k-fold symmetric tensor and suppose
apti(o(s @ 1)) < cpgoup(s)oy(t) for every s € ®2: E andt € ®flls E'. Then the same inequality
holds for the sequences {/ax\}r and {\ax/}k.

Proof. For all k, we denote
1 = ®ki : (®k’s El, /ak\) <i> (®k’s EOO(BE//),O%),
then
Joesi\(o(s @) = g (ik+l (o(s® t))) = Qi (U(ik(s) ® iz(ﬂ))
ek 1ok (i (8)) (i (8)) = e/ \(s) /(1)

On the other hand, if 2}*** is the maximal ideal associated to aj, and 9B is the maximal

IN

polynomial ideal to \ay/ then (see the proof of Lemma 3.1.34)
B, (E) = {P € P¥(E) : P extends to a polynomial P € A ({,(Bg))},

and the norm of P in 9By, is given by the infimum of the 27***-norms of these extensions. Since 2"
satisfies condition (7) of Proposition 4.1.12, it is easy to see that the product of two polynomials in
B belongs to B with the same inequality. Using Proposition 4.1.12 again, we obtain the desired
result for {\ax/}x. O
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In Theorem 3.1.36 we proved that the sequences of maximal and minimal polynomial ideals
associated to natural sequences of symmetric tensor norms are coherent. Since moreover 7 and ey,
are multiplicative, we can use the previous lemma and Proposition 4.1.12 to show that:

Theorem 4.1.16. Let {ay}r be any of the natural sequences of symmetric tensor norms. Then
the sequences {AT }y and {A" Y}y, of mazimal and minimal ideals associated to {ag}y are mul-
tiplicative.

To end this section we now show that there is some kind of duality between the properties of
multiplicativity and weakly differentiability of a sequence defined in Section 3.2.2.

Proposition 4.1.17. (i) Let A = {2y}, be a weakly differentiable sequence. Then the sequence of
adjoint ideals {5}, is multiplicative.

(ii) Let A = {A}r be a multiplicative sequence. Then the sequence of adjoint ideals {25}y is
weakly differentiable.

In both cases the constants of multiplicativity and weakly differentiability are the same.

Proof. (i) From 3.1.30 we know that {2} }; is coherent. By Remark 4.1.13, it suffices to check that
| PQ 20, (M) < K| P 2t (1) |Qll2g (ary for any finite dimensional Banach space M. Since M is
finite dimensional, 2 (M) is just A (M’)". Take P € A (M) = A (M’)" and Q € Af (M) = A, (M')".
For =3, :ckH € gy (M), we have

(PQ, D) ZP% = (@) _(P,x})a] QﬁHZ = (@7 = P(¥.0)).

J

Thus, since {2} is weakly differentiable,

[(PQ, )| < 1Qllegar) 1Y = P(¥0)lleyyar) < 1Q1legy ary K IP s (19 [l a1

which implies that | PQllag ,ary < K| Pl (a)1Qleg; (ar)-
(13) For each k, let ay be the finitely generated symmetric tensor norm associated to 2, so that
/
for every E, A} (E) = ( ®Z: E) . By Proposition 4.1.12 and Remark 4.1.13 (a), the multiplicativity
. . . k L
of & with constant M implies that ay(o(s @ t)) < M"a(s)ak—(t), for every s € @, E and
te @ E.

Q1

Take P € A (F) and ¢ € A;_,(E)’, with [|¢|| = 1. Define Q(z) = ¢(P,:). Note that Q is a

xT
well defined [-homogeneous polynomial since the sequence of adjoint ideals of a coherent sequence

is again coherent 3.1.30. We have to prove that ) belongs to Qll E) = <®lSE> and that
1Qll2 () < MkHP]Q(Z(E). Take s = 3, y] € ® E and € > 0. Since ¢ € (®§kllsE) by
Goldstine theorem there is some t = 3. 2! ¢ ®§kllsE with ag_;(t) < 1 such that [(Q,s)| =
|5, 0P| < (S, By, 6] + <. Thus

@) < IR et +e=| 3 Patuh) +e=[(Po( X at @y +
J i 1,J

i?j

< ||P|

2 (m)ak(0(s @ 1)) + & < MF||P|

Q(Z(E)al(s)ak,l(t) + €.

Since this is true for arbitrarily small ¢ and ax_;(t) < 1, we conclude that ||Q|

2w (B) < MF||Pllgg (-

O
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Next corollary to Proposition 4.1.17 follows, for maximal ideals, from the equality 247" = 2.
For minimal ideals is a consequence of Corollary 3.2.27.

Corollary 4.1.18. Let {;}r be sequence of maximal polynomial ideals or minimal polynomial
ideals. Then {2y} is weakly differentiable (multiplicative) if and only if {4} }r is multiplicative
(weakly differentiable).

Corollary 4.1.19. The sequence {73}“} of ideals of integral polynomials is weakly differentiable with
constant K = 1.

Proof. This is a consequence of the above proposition (i), since P¥ = (P*¥)* and {P*} is multi-
plicative with constant M = 1. O

4.2 The convolution product for sequences of minimal ideals. Hy-
percyclicity

In section 3.2.2 we defined weakly differentiable sequences of polynomial ideals and we showed that
if 2 is a weakly differentiable sequence then there is a well defined convolution product on Hyy(E)'.
In this section will show that if A (F)" = B, (E’) (via the Borel transform as in section 3.2.3, see
Remark 3.2.28) and the sequence {%By}; is multiplicative at E’ then A(E) = {Ax(E)}x is weakly
differentiable. Recall that, if A, (FE) = By (E’), there is a vector isomorphism between Hpgy(FE)
and Expy(E’) (Proposition 3.2.35). We will prove that the convolution product on Hypgy(E) may
be characterized as pointwise multiplication on Expg(E’), so that the isomorphism becomes an
algebra isomorphism. This will allow us to obtain another characterization of convolution operators

on Hpy(F) and a slightly different statement of the Godefroy-Shapiro Theorem.

Lemma 4.2.1. Let {By(E’)}x be a multiplicative sequence and suppose A (E) = By (E') for every
k. Then 2 is weakly differentiable at E, that is, if P € A (E) and ¢ € A (E)', k > 1. Then the

[-homogeneous polynomial x — @(P,) belongs to A;(E) and

2 = o(Py)lloy () < M|l () |1 Pl ()

Proof. If P is a finite type polynomial then z — ¢(P,:) is also a finite type polynomial and thus
belongs to 2A;(F). We can therefore define a linear operator

T: (PHEL - lam) —  W(E)
PZZj:l’Yj = {xH@(le)]-

If P =Y.V 4% and v € 2(E) then

N
=Y (Bia(9)Bi¥)) () = By ' (Br-i(9) Bu(¥))(P).
7=1

Then, for every ¢ € 2,(E),

[W(T(P)] < M@l 2y 19l 2y | Pllsy, ()

Therefore, T' is continuous and, by Lemma 3.2.29, can be extended to 2 (E). By density, it easily
follows that T'(P)(x) = ¢(P,) for every x € E and every P € A (E). O
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Therefore, the above lemma together with Corollary 3.2.20, show that we can define a con-

volution product on Hpy(E)'. By Proposition 3.2.35 this space is (vector space) isomorphic

to Expy(E’). On the other hand, if B(E') = {Bx(F')}; is a multiplicative sequence then
Exzpy(E') is an algebra with pointwise multlphcatlon Indeed, if f,g € Expy(E’), with Ay =

supy, ||d* £ (0 )Il%k () and Az = supy, [|d*g(0 )H%k () We have d*(fg)(0) € By(E') and

10 (£)(0) 4y, () < M(Ar + 42).

where M is the multiplicative constant of the sequence B(E’), that is fg is of B-exponential type.
This fact allows us to introduce another product on Hpy(FE)', just copying the pointwise mul-
tiplication in Expg(E’) via the Borel transform:
If {B,(E")}r be a coherent multiplicative sequence and let {x(E)}, be such that A, (E) =
B (E') for all k. For p,v € Hyy(E)" we define the product ® in Hyy(E)', by

e @y =67 (B(p)BW)).

Next we show that the two products defined on Hygy(E)" are actually the same.

Proposition 4.2.2. Let {By(E')}r be a multiplicative sequence and let {A(E)}r be such that
Ak (E) = B (E') for every k. Let p,v € Hyy(E)'. Then ¢ ® 1) = @ x1. As a consequence, there
is an algebra isomorphism between Hyy(E) and Expy(E').

Proof. Since finite type polynomials are dense in Hyy(FE), it is sufficient to verify that, for each
yEE and k>0, o © Y(v*) = o x p(v¥).
For g € Exps(E'), 571 (9)(7") = By, ' (d¥9(0)) (v*) = d*9(0) (7). Then,

eOY(F) = BTHBR)BW)) () = d(B(e)B(1)) (0)(7)
k
=S (’f)dﬂ‘(mw)<o><v>d’f-j(ﬁ<w>)<o><v>

On the other hand, since (¢ * v¥)(z) = o(1:7%) = Z?:o (I;)ap(’yj)’y(x)k*j, we obtain

k
o xp(v*) = (e 7) Z() () = e @ v(yh).

As an immediate consequence, we have:

Corollary 4.2.3. If {B(E')}r is a multiplicative sequence and {2y (E)}i is such that A (E) =
B(E") for every k then the convolution product in Hyy(E)" is commutative.

Using Proposition 4.2.2 it is easy to show the following variation of Corollary 3.2.19 which
characterizes convolution operators on Hyg(E):

Corollary 4.2.4. Let {B,(E')}r be a multiplicative sequence and let {Ax(E')}x be such that
Ar(E) = B(E') for every k. Then ¢ — Tg-11yy is an algebra isomorphism from Exps(E')
onto the algebra of convolution operators on Hyy(FE).
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If B(E') is a multiplicative sequence, then the convolution operators on Hyy(F) are exactly
the operators of the form f +— ¢ x f with ¢ € Hyy(E)" (Corollary 3.2.19). Therefore, we have the
following version of the Godefroy-Shapiro Theorem for Hpg (Theorem 3.2.39):

Corollary 4.2.5. Suppose that E' is separable. Let {Br(E')}r be a multiplicative sequence and let
{Ak(E)}r be a sequence such that A, (E) = B (E") for every k. For every ¢ € Hyy(E)" which is
not a scalar multiple of ég, the operator

T,: Hp(E) — Hp(E)
f = T<p(f):<P*f

1s hypercyclic.

Proof. Just note that T, is a scalar multiple of the identity if and only if ¢ is a scalar multiple of
do, and use Theorem 3.2.39. O

Example 4.2.6. We may apply the last result to the spaces in Examples 3.2.40 and 3.2.41 of
holomorphic functions of compact and nuclear bounded type, since in both cases the sequences
{B,(F')}r are multiplicative. The same is true for the sequence of minimal ideals associated to
the tensor norm ny.

By Proposition 4.1.6, the sequence of Schatten-von Neumann polynomials, defined in Subsection
3.2.5, is multiplicative so we can also apply the previous corollary in this case.

Moreover, let us see that the differentiation operators used in [AB99] are convolution operators,
and so the result proved there is included in Corollary 4.2.5. Indeed, if ®(z) = > ¢,2" is an
exponential type function and a € E, we define h(y) = > ¢,v(a)”. Then, h € Expy(FE’) and
BLR)(f) = cnd™ f(0)(a) for all f € Hyy(E). Therefore,

BB+ (@) = hraf) =Y ealdm f)(0)(a) = cnd" f(

That is, the differentiation operator constructed with @ is Tjz-1(;) and it is thus a convolution
operator.

4.3 The spectrum of algebras of entire functions of bounded type

We proved in Lemma 4.1.4 that if 2 is a multiplicative sequence then Hpgy(FE) is an algebra. In this
section we study the spectrum of this algebra.

In [AGGMY6] an analytic structure in the spectrum of H,(U) (U an open subset of symmetrically
regular Banach space) was given and it was shown that the functions in Hy(U) have analytic
extension to the spectrum. For the case of entire functions Dineen proved in [Din99, Section 6.3]
that the extensions to the spectrum are actually of bounded type in each connected component?
of the spectrum.

We will show that it is possible to attach an analogous analytic structure to the spectrum
My (E) of Hyy(FE) for a wide class of Banach spaces E and most of the examples of multiplicative
sequences U considered so far. For this we study the Aron-Berner extension of functions in Hyy(E)
and also translation and convolution operators on these algebras. In this case the spectrum turns
out to be a Riemann domain spread over E” and, as in [AGGM96] or [Din99], each connected

2We will prove in Proposition 5.5.2 that this does not imply that the extension is of bounded type on the whole
spectrum.
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component of Myg(F) is an analytic copy of E”. One may thus wonder if the Gelfand extension of
a function f to My (F) is analytic and, also, if the restriction of this extension to each connected
component can be thought as a function in Hpy(E"”). Under the additional condition of weakly
differentiability of the sequence (which was already defined in Subsection 3.2.2) we will give a
positive answer to both questions.

In the next subsection we will apply some of these concepts to derive a Banach-Stone type
theorem for the algebras Hysg.

For 20 a multiplicative sequence, let us consider the spectrum Mg (E) of the algebra Hygy(E) (i.e.
the set of continuous nonzero multiplicative functionals on Hpg). Since the inclusion Hpg(E) —
Hy(FE) is continuous, evaluations at points of E” belong to Myg(E). Therefore, §, is a continuous
homomorphism for each z € E” and we can see E” as a subset of Myy(FE).

Also, given ¢ € Myy(E) we can define an element 7w(p) € E” by w(p)(y) = ¢(v) for every
~ € E’. Then the linear mapping

7w Myy(E) — E”
¢ — olp

is a projection from Myy(FE) onto E” C Mygy(E). From the definition of m, for ¢ € Myy(FE) and
~v € E' we have

o) = e = (2()m) " = (ABMw(e)) = ABGN)((0).

Thus, for every finite type polynomial P,

p(P) = AB(P)(7(¢)) = 0r(y)(P)-
As a consequence, we have the following:

Lemma 4.3.1. Let A be a multiplicative sequence and E a Banach space such that, for every k,
the finite type k-homogeneous polynomials are dense in Ap(E). Then Myy(E) = E".

Example 4.3.2. Since the finite type polynomials are dense in any minimal ideal, if 2 is a multi-
plicative sequence of minimal ideals, then Mygy(FE) = E” for any Banach space E. In particular, this
happens for the nuclear and the approximable polynomials, so My (E) = E” and Mys(E) = E”.

The Aron-Berner extension plays a crucial role in the analytic structure of My(E) given in
[AGGMO6]. In order to obtain a similar structure for our algebras, we need the polynomial ideals
to have a good behavior with these extensions. So let us introduce the following:

Definition 4.3.3. A sequence {2 (E)}x of scalar valued ideals of polynomials is said to be AB-
closed if there exist a constant a > 0 such that for each Banach space E, k € N and P € A,(E)
we have that AB(P) belongs to A (E”) and ||AB(P)||g, (57 < oF||P||g, (1), where AB denotes the

Aron-Berner extension.

We enumerate some particular examples of sequences that are known to be AB-closed with
constant o = 1:

Example 4.3.4. The sequence 2 is AB-closed with constant o« = 1 in the following cases: continu-
ous polynomials 2 = {P*}; (see [DG8Y]), integral polynomials 2 = {PF}; (see [CZ99]), extendible
polynomials A = {P¥} (see [Car99]), weakly continuous on bounded sets polynomials A = {P*}
(see [Mor84]), nuclear polynomials 2 = {P% }x, approximable polynomials 2 = {P% }.
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In [CGa] it is shown that if 2y is a maximal or a minimal ideal, then the Aron-Berner extension
is an isometry from A (E) into A, (E”) (see also [CGc]), extending a well known result of Davie
and Gamelin [DG89] and analogous results for some particular polynomial ideals. Therefore, any
sequence {2 (F)}y of scalar valued ideals of maximal (or minimal) polynomials is AB-closed with
constant a = 1. Note that all the above examples but 2 = {P¥}, are maximal or minimal, so they
are covered by the mentioned result in [CGal.

Example 4.3.5. It is easy to prove that if the sequences {20}, and {2} }; are AB-closed with
constants ag and o respectively, then the interpolated sequence {Qli}k is A B-closed with constant

1-6 0
oy .

Example 4.3.6. If A = {2} is AB-closed, and € is a maximal operator ideal then {2y o €} is a
AB-closed.

Indeed, if P € 2 o € factorizes as P = QT, then AB(P) = AB(Q) o T” by w*-continuity.
Since € is maximal, 7" belongs to € and ||T||¢ = ||7”||¢. Therefore AB(P) belongs to 2y o € and
JAB(P)llayee < |AB(Q) g IT e

Remark 4.3.7. Note that as a consequence of the above definition, if P € 2 (F), j < k and
S E", then AB(P)Zkfj S Qlj(E//) and HAB(P)ZkfjHQ[j(E//) < (CHZH)kiJOékHPHQ[k(E)

Moreover, since the 2;.’s are ideals, if @ € ;(E") then Q o Jp € A;(E) and [|Q o Jg|la,(p) <
HQHQlJ(E”) Therefore for each P € Qlk(E), AB(P)Zk—j oJg € Qlj(E) and HAB(P)Zkﬂ o JEH‘ZIJ(E) <
(CI=I 0¥ Play ).

Also note that if f € Hyy(E) then AB(f) € Hy(E") and pr(AB(f)) < par(f)-

We want now to define a topology on Mpg(E) which makes (Mpg(E), 7) into a Riemann domain.
First recall from Lemma 3.2.3 that if 2 is a coherent sequence then
T Hy(E) — Hy(E)
e flat)
is a continuous operator. Therefore we have,

Lemma 4.3.8. If A is a multiplicative sequence and ¢ € Myy(E) then ¢ o 1, € Myy(FE).

If A is AB-closed and coherent and z € E” we can define
7.0 Hw(E) — Hyy(E)
f — T.(AB(f)) o JE.

Remark 4.3.7 ensures that 7, is a (well-defined) continuous operator and pr(7.f) < pa(r+cz|) (f)-

Corollary 4.3.9. Let 2l be an AB-closed and multiplicative sequence and let z € E"”. Then 7, is a
continuous operator. Consequently, if p € Hyy(E)' then o7, € Hyy(E)" and if ¢ € Myy(E) then
poT, € Mbg[(E)

Note that (o 7:)(y) = ¢o7.(y) = e(AB(7)(z + Je(-)) = ¢(1)2(7) + () = 2(7) + ¢(7), and
thus m(p o 7,) = z + w(p).

In [AGGMY6, Proposition 2.3], a necessary condition to obtain the analytic structure of the
spectrum of Hy(U) is that the space E be symmetrically regular (i.e. the Arens extensions of every
symmetric multilinear form are symmetric). In our case, to study the spectrum of Hyg(E), we need

v
that the Arens extensions of P be symmetric for every P in 2, (E) (and for all k). This happens, of
course, if F is symmetrically regular, but also for arbitrary F if 2; are good enough. So we define:
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Definition 4.3.10. A sequence U is reqular at E if, for every k and every P in A (E), we have that
v
every Arens extension (that is, the extensions by w*-continuity, in any order) of P are symmetric.

We say that the sequence A is reqular if it is reqular at E for every Banach space E.

Example 4.3.11. (a) Any sequence of ideals contained in the ideals of approximable polynomials
is regular. In particular, any sequence of minimal ideals is regular.

(b) The sequences of integral [CL04, Proposition 2.14], extendible [CL04, Proposition 2.15] and
weakly continuous [AHV83] multilinear forms are regular.

(c¢) If {ag}r is a sequence of projective symmetric tensor norms and 2 is a sequence of ideals
associated to {ay}, then 2 is regular. Indeed, if we denote f§; = o, since §; < g, every

/ Y
P e (®Z; E) is extendible and so it satisfies that AB(P) is symmetric. This says that the

sequence of maximal ideals associated to {ay}x is regular and so is 2.

(d) Let {aj}r be a sequence of symmetric tensor norms and let 2 be the sequence of maximal
polynomial ideals associated to {ay}r. If 2 is regular then is regular also any sequence of

/
polynomial ideals associated to {/ay\ }. Indeed, if we denote 8, = a},, for any P € <®€;k /E)
/
we have that Q = P o ®Fq € (®Z;j€1 (BE)) = A (¢1(BE)), where ¢ is the metric projection

Y%
0,(Bg) — E. We claim that any Arens extension of P is symmetric. Indeed, let o be

-~ VooV

a permutation of {1,...,k} and let P, @ the Arens extensions of P, @) defined by w*-

continuity in the order determined by o. For j = 1,...,k, take z; € E” and bounded
v

nets (xg\),\ C E such that :cf\ % zj. Then Qz1,...,2) = limmi(l) . 1imm§(k) Qz3,...,2h) =

\ ~ ~
lim oq ... Hm o) P(q(z}), ..., (%)) = P(¢"(21),-..,q"(2)). Since ¢” is surjective and Q is

symmetric, we conclude that Pis symmetric.

(e) As a consequence of (c) and (d) we obtain that if 2 is a sequence of polynomial ideals
associated with any of the natural sequences (except for the case ay = ) then 2 is regular.

(f) If the sequences {0}, and {2}, are regular then the interpolated sequence {2} is also
regular (because each Y is contained in A + 2A1).

(g) If the sequence {2y} is regular and € is an operator ideal, then {2l o €} is regular because,

v v
if a polynomial factorizes, P = QT, with Q € 2 and T € € then AB(P) = AB(Q) o T”
which is symmetric.

As in [AGGM96] it can be proved that, if 2 is regular at E then every evaluation at a point of
E™ is in fact an evaluation at a point of E”.
The next two lemmas can be obtained just as in [Din99, Pages 428-430].

Lemma 4.3.12. Let A = {A(E)}r be an AB-closed coherent sequence which is regular at a
Banach space E. Then T, o Ty = Toiq for every z,w € E”.

Lemma 4.3.13. Let A = {Ax(E)}r be an AB-closed multiplicative sequence which is reqular at a
Banach space E. For each ¢ € Myy(E) and € > 0 define V. = {po7,: z € E", ||z|| <e}. Then
{V%E s € Myy(E), € > O} is the basis of a Hausdorff topology in Myy(E).
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Proposition 4.3.14. Let 2 be an AB-closed multiplicative sequence which is reqular at a Banach
space E. Then (Mpy(E), ) is a Riemann domain over E" and each connected component of
(Mysy(E), ) is homeomorphic to E".

Proof. With the topology defined in the above lemma, it is clear that for each ¢ € Myy(F) and
e > 0, 7|y, is an homeomorphism onto Bpw(m(¢),e). Thus 7 : Myy(E) — E” is a local home-
omorphism. Note that given ¢ € Myy(FE), by Corollary 4.3.9, ¢ o 7, is an homomorphism for
each z € E”. Moreover, since 7(p o 7,) = m(p) + z it follows that 7 is an homeomorphism from
S(p):={po7,: z€ E"} to E" and thus S(p) is the connected component of ¢ in Myy(E). O

Example 4.3.15. (Mpy(FE), ) is a Riemann domain over E” (and each connected component is
homeomorphic to E”) in the following cases:

(a) A = {PF} or A = {P¥}; or, more generally, A the sequence of maximal polynomial ideals
associated to any of the natural sequences {ay}r (except for ap = €;) and E any Banach
space.

(b) 2 = {Pk}, and E any Banach space.
(¢) 20 any multiplicative sequence of maximal polynomial ideals and E symmetrically regular.

(d) 2% = {A¢};, with {A0}, and {AL}, any of the sequences of the examples (a) or (b) (or (c)
and F symmetrically regular).

(e) A = {A o €}, where {Ax}r an AB-closed multiplicative sequence which is regular at a
Banach space E and € a maximal operator ideal.

Each function f € Hpy(F) can be extended via its Gelfand transform f to the spectrum My (E),
that is f(¢) = ¢(f). Now that we have proved that Myy(E) is a Riemann domain, it is natural to
ask if f' is analytic in Mg (E). Moreover, one can wonder if f' preserve some of the properties of f
in terms of the ideals 2.

Given ¢ € Hpy(E) and f € Hpy(FE), Corollary 4.3.9 allows us to define a function on E”,
defined by z — ¢ o 7,(f). We will show in Theorem 4.3.17 that this function belongs to Hpg(E").
This will allow us to conclude that the restriction of f to each connected component of My (E) is
2-holomorphic (Theorem 4.3.19 below). To achieve this we will need an additional condition on
the sequence 2(: weakly differentiability. This condition was already used in the previous chapter
(see Defintion 3.2.15) in order to deal with the convolution product on Hpg(E). We saw there that
there are a lot of weakly differentiable sequences of polynomial ideals.

Remark 4.3.16. If E is a Banach space and 2 is a weakly differentiable coherent sequence which
is AB-closed (with constant «), it easily follows that the mapping E” 5 2 — @(AB(P), o Jg)
belongs to 2;(E”) and

The proof of the following theorem is similar to Theorem 3.2.17.

2 @(AB(P)y o Jg)|| < aPK* |l oyl Pla (-

Q(l (EN)

Theorem 4.3.17. Let A = {A(E)}r be an AB-closed weakly differentiable coherent sequence. For
each ¢ € (Hp(E))', the following operator is well defined and continuous:
T,: H(E) — Hy(E")
f= Feper(f))



4.3. The spectrum of algebras of entire functions of bounded type 97

Proof. Take f =72 P, € Hy(F) and z € E”. T hen po7,(f) = > 72 OZ] 0( ) (AB(Py).i o
Jg) = D720 2 ke ( )¢ (AB(Py),i o Jg) since using Remark 4.3.7 and Remark 3.2.16 it is easy to
see that this series is absolutely convergent.

Let Qi(2) = S0, (M) (AB(Py),i 0 Jg). Then po 7(f) = 3720 Qi(2). We will show that
Q; belongs to 2;(E”) and that > ;°,Q; is in Hyy(E"). To prove this it suffices to show that

the series Y 7o, (’;) Hz — @(AB(Py).1 0 Jg) HQ{ = converges and that for every R > 0, the series
1

Yoo RlH S, (I;)Z — ©(AB(Py),i 0 Jg) HQL ) also converges. By Remark 4.3.16 we have
1

2z @(AB(Py) i 0 JE)‘

IZ;RZHZ< >ZH¢ AB(Pk)loJE)‘Q[l(EN) < lf;Rzz( >‘

o0

! k gk
ZR Z <l)a K H(P‘Qlk_z(E)Hglk—l(E)’HPkHQlk(E)
=0 k=l
< cZa’“HPkHW)K'fZ(l><R>lrk—z

k=0

=0

A (E")

IN

CpaK(R+r) (f)7

where in the last inequality we used Remark 3.2.16 and reversed the order of summation. Therefore
T,(f) belongs to Hy(E") and p,(T,(f)) < CP o (Rr) (f), that is, T, € L(Hpu(E), Hy(E")). O

In Corollary 3.2.20 we defined the convolution product in Hpgy(E)" when 2l is a weakly differen-
tiable coherent sequence. If 2 is also multiplicative, the convolution is a product on the spectrum:

Corollary 4.3.18. Let A be a weakly differentiable multiplicative sequence. For o, € Mygy(E) we
can define p x ) € My (E) by @ x(f) =¥ (¢ * f), and the application

My: Mp(E) — Mya(E)
(0 = Yk

18 continuous.
Now we are ready to prove that the extensions to the spectrum are analytic.

Theorem 4.3.19. Let E be a Banach space and A = {y}r an AB-closed multiplicative sequence,
weakly differentiable and regular at E. Then, for every function f € Hyy(E), the extension f
to Myy(E) results an A-holomorphic function of bounded type when restricted to each connected
component of Mygy(E).

Proof. We have to show that for every ¢ € Myy(E), f o (7ls(p)) ™' € Hp(E"). But note that
S(p) = {(pOTZ t 2z € E”} and that (ﬂ‘s(¢)) Lz) = QOT, r(p) 50 fo (W\S(cp))*l(z) = @ofz_w(w)(f).
That is, f o (mls(p)) 7t = T¢OT (f) which is in Hyy(E") by Theorem 4.3.17. O

—7 ()

We can apply the last result in the following cases:

Example 4.3.20. (Myy(FE), 7) is a Riemann domain over E” and every function in Hyg(F) extends
to an 2A-holomorphic function of bounded type on each connected component of Myy(E) in the
following cases:

(a) A= {P*}), and E is symmetrically regular (this is [Din99, Proposition 6.30]).
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(b) A = {Pk}y, for every Banach space E.
(c) A = {P*}, for every Banach space E.
(d) A = {Pk},, for every Banach space E.

(e) If 2A is a sequence of maximal polynomial ideals associated to any of the natural sequences
(except the case {ex}«), for every Banach space E.

(f) A = {Ap o €}y, where {Ax}r an AB-closed, weakly differentiable, multiplicative sequence
which is regular at a Banach space E and € a maximal operator ideal.

Recall that in Subsection 3.2.6 we defined for any coherent sequence 2 the spaces Hgo and Hpgy
of holomorphic functions on Riemann domains.

Corollary 4.3.21. Let E be a Banach space and A = {Uy}r, an AB-closed multiplicative sequence,
weakly differentiable and reqular at E. Then, for every function f € Hpy(E), the extension f to
MbQ[(E) 18 1N HdQ((MbQ((E))

Proof. By the above theorem, f is in Hpyg of each connected component of Myy(FE). Since any ball
is contained in one of these connected components, we conclude that f' is of the class Hyg on every
ball in Myg(E). This means that f belongs to Hag(Mpa(E)). O

On the other hand, for the case of Hy, we will prove in Proposition 5.5.2 that if there exists a
homogeneous polynomial which is not weakly continuous on bounded sets, then its extension to the
spectrum M,(E) is not of bounded type. More specifically, if P is an n-homogeneous polynomial
whose restriction to a ball is not weakly continuous at 0, we will show that there exist, for each
k € N, pr € My(E) such that pi(2’) = 0 for every ' € E'. Thus, m(pk) = 0 for every k and the set
C = {pp : k € N} is My(E)-bounded. But, |P(p;)| = |¢k(P)| > k" and, therefore, | P|lc = oo,
which implies that P is not of bounded type on M;(E). Suppose now that P € 2, (E) is not weakly
continuous on bounded sets. Then the ¢;’s defined in the proof of Proposition 5.5.2 are in Myg(E).
Indeed, denote by p® the seminorms which define the topology of Hyy(E), and p, the seminorms
for Hy(E). Then since the ¢y’s are Hj-continuous there exists » > 0 such that @i (f) < p,(f) for
every f € Hy(E). Now if f € Hyy(E), then

So P is not of bounded type on Mygy(E). In particular we have:

Proposition 4.3.22. Let E be a Banach space and A = {2 }r an AB-closed multiplicative se-
quence reqular at E. Suppose that there exists a continuous polynomial on A(E) which is not weakly

continuous on bounded sets. Then there exists a homogeneous polynomial whose extension to the
spectrum My (E) is not in Hyg(Mpy(E)).

4.3.1 A Banach-Stone type result

Now we apply some of our results to obtain a Banach-Stone type theorem for algebras associated
to multiplicative sequences of polynomial ideals. We follow a procedure as in similar results in
[CGMO5]. First, we have:
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Lemma 4.3.23. Let 2 and B be multiplicative sequences. Suppose that ¢ : Hyy(E) — Hpes(F)
is a continuous multiplicative operator and define g : F" — E" by g(z) = 7(d, o ¢). Then, g is

holomorphic and for every v € E', AB(v) o g = AB(¢). In particular, if finite type polynomials
are dense on Uy (E) (for every k), then AB(¢f) = AB(f) o g for every f € Hyy(E).

Proof. Denote by 04 : My(F) — Mpy(E) the restriction of the transpose of ¢. Then g is just

the composition F” LI My (F) N My(E) = E". If we take z € F” and v € E’, then
9(2)(7) = 6.(¢y) = AB(¢y)(2). Thus g is weak*-holomorphic on F” and therefore holomorphic
(see for example [Muj86, Example 8D]).

If v € E' then AB(7)(g9(2)) = g(2)(v) = AB(¢y)(2). Since ¢ multiplicative and continuous,
the last assertion follows. O

Although it is hard for a Banach space E to satisfy that finite type polynomials are dense
in Hy(E) (cop and Tsirelson like spaces do, but no other classical Banach spaces), it is not so
uncommon that finite type polynomials be dense in Hpy(F) for certain sequences 20 and Banach
spaces F. Besides those sequences where finite type polynomials are automatically dense (such
as approximable or nuclear polynomials), there are combination of ideals and Banach spaces that
make finite type polynomials dense (see Example 4.3.25 below).

Theorem 4.3.24. (a) Let A and B be multiplicative sequences, B also AB-closed. Suppose that
finite type polynomials are dense in A, (E) and on By (E") for some Banach space E, for all k. If
Hy(E) and Hys(F') are topologically isomorphic algebras, then E' is isomorphic to F'.

(b) Let A be an AB-closed multiplicative sequence such that finite type polynomials are dense
in A (E"). Then Hpy(E) and Hyy(F') are topologically isomorphic algebras if and only if E' and
F' are isomorphic.

Proof. a) Suppose that ¢ : Hyy(FE) — Hps(F) is an isomorphism. Let g : F” — E” and h :
E" — F" be the applications given by Lemma 4.3.23 for ¢ and ¢! respectively. Then ko g is the

composition
5 5 0

9 _
F" % Myw(F) 2% My(E) = E" % My(E) %5 Mym(F) & F”.

Since Mgy (E) = 6(E"), it follows that hog = idpr». Thus dh(g(0)) odg(0) = idp» and therefore F”
is isomorphic to a complemented subspace of E” which implies that every polynomial in B (F")
is approximable. Since % is AB-closed we can conclude that every polynomial in By (F) is ap-
proximable (if P € B (F) then AB(P) € B,(F"), thus AB(P) is approximable and therefore P
is approximable). Now, since Mym(F') = g(F” ), we can prove similarly that g o h = idgr, that is,
h = ¢!, and differentiating at g(0) we obtain that E” is isomorphic to F”.

Since every polynomial on By (F') is approximable we have that ¢~ is weakly continuous on
bounded sets for every v € E' and then AB(¢7) is w*-continuous on bounded sets. The identity
9(2)(7) = AB(¢y)(#) shown in Lemma 4.3.23 assures then that ¢ is w*-w*-continuous on bounded

~1 is w*-w*-continuous on bounded sets. Moreover, applying [ACG95, Lemma

sets. Similarly, ¢
2.1] to z — g(z)(y), we obtain that de differential of g at any point is w*-w*-continuous (and
analogously for g!). Therefore, the isomorphism between E” and F” is the transpose of an
isomorphism between F’ and FE’.

b) One implication follows from (a). For the converse, we can follow the reasoning in [LZ00] to
obtain the isomorphism between 2 (E) and A (F'), for all k. From that it is derived that Hyy(E)

and Hpg(F') are topologically isomorphic. O
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Example 4.3.25. Finite type polynomials are dense in the space of integral polynomial on any
Asplund Banach space, since in this case, integral and nuclear polynomials coincide (see [Ale85a,
BRO1, CD00]). Moreover, finite type polynomials are also dense in the space of extendible polyno-
mials on an Asplund space ([CGc]). Then, as a consequence of Theorem 4.3.24 we have: suppose
that E and F are Banach spaces, one of them reflexive, and that Hyg(FE) is isomorphic to Hpg(F),
where 21 and B can be any of the sequence of nuclear, integral, approximable or extendible poly-
nomials. Then F' is isomorphic to F.

4.4 Hypermultiplicative sequences and algebras of holomorphic
functions on open sets

In the previous sections we introduced multiplicative sequences and used this concept to study
algebras of entire function of bounded type. In this section we are interested in algebras of holo-
morphic functions on balls and more general open subsets. We will need to introduce the following

more restrictive version of multiplicative sequences.

Definition 4.4.1. Let {x(E)}; be a sequence of scalar valued polynomial ideals. We will say that
{4k (E)}x is hypermultiplicative if it is coherent and for each P € A (E) and Q € A;(E), we
have that PQ € Ay11(E) and

k+DF R
1PQle) < S e 7Pl Qe

n+1/2
<nl < ”en,l for every n > 1, so we have

nn+l/2
en

Remark 4.4.2. Stirling’s Formula states that

that ol
k+1 k!l ki \1/2
( ) 62( )

RS "
(k+0)! EFIL— E+1
Thus if 2 is hypermultiplicative, for each € > 0 there exists a constant c¢. > 0 such that for every
P e ,(E) and Q € A(E), [|1PQlla, () < co(1 + )" [ Pllay, ()| Qllay (). That is, we could say
that 2 hypermultiplicative if it is “almost” multiplicative with constant M for every M > 1.

We will show below that most commonly used examples of polynomial ideals form hypermulti-
plicative sequences. Let us see before that if 2 is hypermultiplicative, then Hyy(Bg) is an algebra.

In Lemma 4.1.4 we proved that if 2 is a multiplicative sequence, then Hyy(E) is a By-algebra.
We will prove that if 2 is hypermultiplicative then Hygy(FE) and Hyy(Bg) are locally m-convex
Fréchet algebras, that is, the topology may be given by submultiplicative seminorms.

Proposition 4.4.3. Suppose that 2 is hypermultiplicative and E a Banach space. Then,
(7) for each x € E and r > 0, Hyy(By(x)) is a locally m-convex Fréchet algebra.
(13) Hpu(F) is a locally m-convex Fréchet algebra.

Proof. (1) We will show this for » = 1 and x = 0, that is B,(x) = Bg. The general case follows by
translation and dilation. We already know that Hyg(Bg) is a Fréchet space. Let us first show that
it is a By-algebra.

Let f =5, P; and g = >, Qi be functions in Hyy(Bg). We must show that 2790) pelongs

n!
to A, (E) and that ps(fg) = ZZO:O Sannfg(O)

o H%(E) < oo for every s < 1. Since /90

n!
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> ko PeQn—r and A is hypermultiplicative, "y ( ) belongs to A, (E). On the other hand, using
Stirling’s Formula,

> dn
S| 280

k=0

IN

/
23 Z( —E) ) Pyl Qo
n=0 k=0
— 2 Z VEs*(| P2y, (1) Z Sn_k<n
k=0 n=k

< &ps(9) D Vks" || Pellay(m)-
k=0

2
> 1Qn—tlla, . ()

Therefore, for each € > 0 there exists a constant ¢ = ¢(g,s) > 1 such that

pelfe) = | T < epalape ().

Therefore, if f,g € Hyy(Bg), sp, = 1 —

Cn = C(Qn%’ 1— an)’

2n, for some n > 1, and € = 2n+1 then if we denote

Ps, (f9) < caps(9)Ps, 1 (f) < enpsyiy (f)Psnya (9)- (4.1)

This shows that Hyg(Bg) is a By-algebra. Note also that using (4.1) it follows that

Psy, (fk) < cl;—lpsnﬂ (f)kilpm (f) < CﬁpSnJA (f)k

Take now an entire function h € H(C), h(z) = > a,2"™. Then for f € Hyy(BEg),

M M M
o (3 af®) <37 arpe, (7% < 3 an(eaps, (1))
k=N k=N k=N

which goes to 0 as N, M increase because h is an entire function. This means that entire functions
operate in Hyy(Bg). Therefore [MRZ62, Theorem 1] implies that Hyy(BEg) is locally m-convex.
(1) follows similarly. O

Let U C FE be any open subset and 2 coherent sequence. In Section 3.2.6 we defined the spaces
Hio(U) and Hpg(U) of A-holomorphic functions on U. Since Hgy(U) is the space of holomorphic
functions which are of the class Hyg on each ball contained in U, it is immediate from the previous
proposition the following;:

Corollary 4.4.4. Suppose that A is hypermultiplicative and let U C E be any open subset. Then
Hio(U) is a locally m-convex algebra.

The same is true for Hyy(U):

Corollary 4.4.5. Suppose that 2 is hypermultiplicative and let U C E be an open subset. Then
Hy(U) is a locally m-convex Fréchet algebra.

Proof. We know from Proposition 3.2.60 that Hpy(U) is a Fréchet space. Let us see that it is
an algebra. Let A CC U, A open and let ¢ > 0 such that A+ B.(0) CC U. By (the proof of)
Proposition 4.4.3, if Bg(x) C U,

pasr(fg) < Capgsr(g)pg;rs(f)'



102 CHAPTER 4. MULTIPLICATIVE SEQUENCES, ALGEBRAS OF ENTIRE FUNCTIONS

Note also that Bs(z) C A if and only if Bsi.(x) C A+ B-(0), therefore

palfg) = sw pigh) <ee( sw pi9) (s pLa(h) =Pal@pasno () < o<
Bs(z)CA Bs(z)CA Bsic(x)CA+B:(0)

This shows that Hyg(U) is a Bp-algebra. We may prove as in Proposition 4.4.3 that entire functions

operate in Hyg(U) and thus by [MRZ62, Theorem 1], Hyy(U) is locally m-convex. O

We will finish this chapter with examples of hypermultiplicative sequences.

Example 4.4.6. It is immediate to verify that the following sequences are all hypermultiplicative,
since they are multiplicative with constant M = 1:

i) {P*}, of all homogeneous polynomials,

ii) {P*}, of weakly continuous on bounded sets polynomials,

iii) {P%}, of approximable polynomials,

iv) {PF}, of extendible polynomials,

v) {MF}, of multiple r-summing polynomials.

Example 4.4.7. The sequence {79}“ } of integral polynomials is hypermultiplicative.
This was already proved in Example 4.1.5 (c¢).

Example 4.4.8. The sequence {73]]‘{,} of nuclear polynomials is hypermultiplicative.

Indeed, it is clear that the product of nuclear polynomials is nuclear. Moreover, since nu-
clear polynomials are the minimal ideal associated to integral polynomials (see for example [Flo01,
3.4]), the previous example implies, by Proposition 4.1.12 that if P € Py(*E), Q € Pnx('E) then
IPQ|N < %%%HPHNHQHN As a consequence of Proposition 4.4.3, the space of nuclearly
entire functions of bounded type is a locally m-convex Fréchet algebra.

This can be deduced also from the following set of examples. Recall from Subsection 3.1.5 the
sequences of polynomial ideals associated to the natural tensor norms defined in [CGh].

Proposition 4.4.9. Let {a}r be any of the sequences of natural symmetric tensor norms. Then
the sequences {AT . and {AT" Y}y of maximal and minimal associated ideals are hypermultiplica-
tive.

Proof. This follows form the inequalities

k+l1
(]E]:__:)l)! :_]L%WZ(S)Wf(t) and €} ,(0(s ® 1)) < ei(s)ef(t)

Th(o(s®1)) <
for every s € @° E, t € ®"* E’ and Lemma 4.1.15 together with Proposition 4.1.12. O

With the same proof as Proposition 4.1.6 we have that interpolation of hypermultiplicative
sequences is again hypermultiplicative.



Chapter 5

Envelopes of holomorphy and
extension of functions of bounded

type

In this chapter we characterize the envelope of holomorphy for the algebra of bounded type holo-
morphic functions on Riemann domains over a Banach space in terms of the spectrum of the
algebra. We prove that evaluations at points of the envelope are always continuous but we show an
example of a balanced open subset of ¢y where the extensions to the envelope are not necessarily
of bounded type, answering a question posed by Hirschowitz in 1972. We show that for bounded
balanced sets the extensions are of bounded type. We also consider extensions to the bidual, and
show some properties of the spectrum in the case of the unit ball of Z,,.
The contents of this chapter belong mostly to [CM].

5.1 Envelopes of holomorphy

In this section we obtain a characterization of the envelope of holomorphy for the functions of
bounded type on a Riemann domain.

Let us recall the definition of extension morphism and envelope of holomorphy for a family of
holomorphic functions (see, for example, [Muj86, Chapter XIII]). Let (X, p) and (Y, ¢) be Riemann
domains spread over a Banach space E. A morphism is a continuous mapping 7 : X — Y such

that go 7 = p. .

N A

Let F be a subset of H(X), then a morphism 7 : X — Y is said to be an F — extension of X if
for each f € F there is a unique f € H(Y) such that for=f.
A morphism 7 : X — Y is said to be an F —envelope of holomorphy of X if 7 is an F-extension

Y

of X and if for each F-extension of X, v : X — Z, there is a morphism u : Z — Y such that
uov =r7. The F-envelope of holomorphy of X can be thought as the largest Riemann domain Y
to which every f € F has a unique holomorphic extension.

103
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Regarding holomorphic functions of bounded type, the Hp-envelope of holomorphy was con-
structed, for example, by Hirschowitz in [Hir72]. For general families of functions F, the existence
of the F-envelope of holomorphy can be seen in [Muj86, Chapter XIII]. For related characterizations
of the envelope of holomorphy in terms of the spectrum for wide classes of holomorphic functions
see [Sch72] and [Coe74, Chapter VI].

The functions of bounded type form a class of functions that can be defined on any Riemann
domain, and that has a topology different from the space of all holomorphic functions. These two
facts may arise some concerns about the proper definition of envelope of holomorphy. For example,
it may be more natural to consider the largest Riemann domain to which every f € Hy(X) has
a unique holomorphic extension which is of bounded type. Or the largest Riemann domain Y to
which every f € Hy(X) has a unique holomorphic extension, so that evaluating the extensions on
elements of Y are continuous homomorphisms on Hy(X). Note that in several complex variables,
the envelope of holomorphy may be identified with the spectrum. If we expect to obtain something
similar, evaluations in elements of the envelope must be continuous. This motivates the following
definition:

Definition 5.1.1. Let (X,p), (Y,q) be Riemann domains spread over a Banach space E and let
F C H(X) be a topological algebra. A morphism 7 : X — Y is said to be a strong F-extension
of X if for each f € F there is a unique f € H(Y) such that fo 7= f and for each y € Y, the
mapping f € F ~ f(y) belongs to the spectrum of F.

The morphism 7 : X — Y is said to be a strong F-envelope of holomorphy of X if 7 is a
strong F-extension of X and if for each strong F-extension of X, v: X — Z, there is a morphism
w:Z —Y suchthat vou=r.

When there is no confusion, we will say that the (strong) F-envelope of X is the Riemann
domain (Y, q).

Now, for the first concern on the extensions being of bounded type (which is probably more
natural), we set:

Definition 5.1.2. Let (X,p), (Y,q) be Riemann domains spread over a Banach space E and let
F C H(X),G cC HYY). A morphism 7 : X — Y is said to be an F-G-extension of X if for each
f € F there is a unique f € G such that for = f.

For the particular case of F and G being the spaces of holomorphic functions of bounded type
on X and Y, we define:

Definition 5.1.3. Let (X, p) be a Riemann domain spread over a Banach space E. A morphism
7: X — Y is said to be an Hy-Hy-envelope of holomorphy of X if 7 is an Hp-Hp—extension of
X and if for each Hp-Hp-extension of X, v : X — Z, there is a morphism p : Z — Y such that
Vo =T.
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Finally, we say that a Riemann domain (X, p) is a Hy-domain of holomorphy if it coincides with
its Hp-envelope of holomorphy.

It is easy to see that the envelope of holomorphy is, whenever it exists, unique up to an
isomorphism. Also, the last definition can be generalized to pairs of classes of functions that
are defined in any Riemann domain. It is not clear that any of these variants of the Hp-envelope
of holomorphy should necessarily exist. Note that the classical Hy-envelope is known to exist just
because it can be constructed [Hir72].

The concept of Hj-extension morphism introduced by Dineen and Venkova in [DV04] is different
from ours. The main difference is that in our case, the envelope of a Riemann domain over F is
also modeled on E, while theirs is modeled on E” (just as the spectrum [AGGM96]). The reasons
of our choice is that we want to preserve the uniqueness of extensions, as in the finite dimensional
setting, and this cannot be achieved if we allow domains on E”. Also, if we want to define domains
of holomorphy as those domains that coincide with their envelopes, we need both of them to be
modeled over the same space. However, since extensions to the bidual are crucial in the theory of
analytic functions of bounded type, we will devote a section to this kind of extensions.

Now we characterize the strong Hp-envelope for a Banach space E, and show that in this case
the strong Hjy-envelope and the Hjp-envelope of X are actually the same. In the next section, we
will show that even for balanced open subsets of F, the Hy-Hjy-envelope of holomorphy may fail to
exist. It does exists if the balanced open subset is also bounded.

As usual, the spectrum of the algebra under consideration plays a crucial role in the study of
the envelope of holomorphy. A complex Banach space E is said to be (symmetrically) regular if
every continuous (symmetric) linear mapping 7' : E — E’ is weakly compact. Recall that T is
symmetric if Tzq(z9) = Txa(xy) for all zq1,2z9 € E. The first steps towards the description of
the spectrum M;(E) of Hy(E) for a symmetrically regular Banach space E were taken by Aron,
Cole and Gamelin in their influential article [ACG91]. In [AGGM96, Corollary 2.2] Aron, Galindo,
Garcfa and Maestre gave M (U) a structure of Riemann analytic manifold modeled on E”, for U
an open subset of E. For the case U = E, M(F) can be viewed as the disjoint union of analytic
copies of E”, these copies being the connected components of My(F). In [Din99, Section 6.3], there
is an elegant exposition of all these results. The study of the spectrum of the algebra of the space
of holomorphic functions of bounded type was continued in [CGMO05]. The analytic structure of
My(X) for X a Riemann domain over a symmetrically regular Banach space F was presented in
[DV04]. The resulting structure for Riemann domains is rather analogous to that of open subsets
of E. See Preliminaries 1.3.1 for a short account of the analytic structure of M;(X).

Note that if F is symmetrically regular, the spectrum M(X) is modeled on E” and for the
envelope we require a Riemann domain over E. Next lemma shows that this issue can be fixed for
an arbitrary Banach space.

Lemma 5.1.4. Let (X, p) be a Riemann domain spread over a Banach space E. Then (1= *(E),7) C
(My(X), ) is a Riemann domain spread over E.

Proof. Let ¢ € 7~ 1(E). If E is symmetrically regular, then by the analytic structure of the
spectrum ([AGGMO96] or [DV04]), there exist § > 0 such that if z € E” and ||z]| < 0, then
¢* € My(X) and 7 is an homeomorphism from {¢* : |z||gr < 6} C Mp(X) to Bgr(m(yp),?).
Moreover, 7(¢?) = m(¢) + z. Thus if z € E then ¢® € 77 1(E) and 7 is a local homeomorphism
between 7~ (E) and E.
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In [AGGMO96], [DV04] symmetric regularity is used to ensure that the Aron-Berner extension
of every symmetric multilinear form is symmetric. But since we restrict to (77!(E), ), we can
define ¢* as

oo
d"f(-)
PN =Y o(=7=@).
n=0 ’
and thus we will not make use of the Aron-Berner extension at any moment. Therefore repeating
the proofs of [AGGM96] or [DV04] we obtain our result for an arbitrary Banach space E. O

Now we are ready to give the characterization of the strong Hjy-envelope of holomorphy, which
is very similar to that of several complex variables, especially if F is reflexive:

Theorem 5.1.5. Let (X, p) be a connected Riemann domain spread over a Banach space E and let
Y be the connected component of 11 (E) C My(X) which intersects §(X). Then § : (X,p) — (Y, 7),
d(x) = 9, is the strong Hy-envelope of X.

Proof. The fact that 0 : (X,p) — (Y, 7) is an Hp-extension can be proved as in [DV04, Proposition
2.3].

Let 7 : (X,p) — (Z,q) be a strong Hp-extension morphism. We must show that there is a
morphism v : Z — Y such that vo7 = 4.

For f € Hyy(X), we denote f its extension to Z. Since for every z € Z, the application
f e~ f(2) is in My(X), there is a well defined mapping

v 7 — Mb(X)
v(2)(f) = f(2),

for f € Hy(X), z € Z.
Moreover, v(Z) C 71 (E). Indeed, if z € Z and vy € E' then

m(v(2))(7) = v(z)(yop) = (yop)~(2) = v(q(2)). (5.1)

Thus 7(v(2)) = q(z) which belongs to E.

Note that (5.1) also proves that mov = q. Therefore, in order to prove that v : Z — 7~ 1(E) is
a morphism it remains to show that v is continuous.

For each zp € Z let V,, be an open neighborhood such that Ay, Vz — q(V,) is an homeo-
morphism. If we prove that

v((ap,, ) (a(20) + 7)) = v(20)°, (5.2)

for every x € E with sufficiently small norm, we will have showed that v is continuous. In fact,
(5.2) implies that v is a local homeomorphism.
Let f € Hy(X) then

i (o ()"
V(g ) M) + ) (1) = Fllay, ) Mal0) +2) = 3 =0 (g(z0) (@)

n!

and
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Therefore it suffices to prove that

(ZL0)@) o) = E e, 6539
for every n > 0 and every f € Hy(X).

Let x € E. By [AGGM96, p.550] and [Muj86, Corollary 7.18]

o0) = TL (@) € 1),
and R
n) =20 e nz)

Moreover, h is an extension of g to Z. Indeed if y € X and (V,,p) is a chart of y such that
(Vrw)» @) = (1(Vy),q) is a chart of 7(y), then

dn ~O -1 " m o —1
nr)) = L) @) @ ST

n! n!
af

—(v)(@) = g(v),

where (%) is true because f o (q|VT(y))_1 = f o (ply,) ! since 7 is an Hj-extension.

Since (ﬁ—,f()(x))N is also an extension of g to Z, we must have that h = (Cl;l—,f()(:c))
Therefore we have established (5.3) for every n > 0.
To conclude the proof just note that Z is connected since X is, and thus v : Z — Y is a

morphism. O

We will denote by (E,(X), ) the strong Hy-envelope of holomorphy of X.
When FE is reflexive, the envelope of Hjp-envelope resembles the envelope of holomorphy for
Riemann domains in several complex variables:

Corollary 5.1.6. Let (X,p) be a connected Riemann domain spread over a reflexive Banach space
E. Then the strong Hy-envelope of X is the morphism 6 : X — Y, 0(x) = 05, where Y is the
connected component of My(X) which contains §(X).

Now we show that our definition of strong Hj-envelope, coincides with the classical definition
of Hy-envelope:

Theorem 5.1.7. Let (X,p) be a connected Riemann domain spread over a Banach space E. Then
the Hy-envelope and the strong Hy-envelope of X coincide.

Proof. Denote by (£(X),q) the Hy-envelope of X. Then there are a strong Hj-extension 7: X —
E(X), an Hp-extension o : X — £(X) and a morphism v : &(X) — £(X) such that c =vorT.
Let us see that v(&(X)) is closed in £(X). Suppose that y € v(&(X)) \ v(E(X)). Let
Wn ={p € &(X): ¢ < X}, where ¢ < X, means that |p(f)] < ||f|lx, for every f € Hpy(X).
Then by [AGGM96] (see also [DV04, Proposition 1.5]), dx(W,) > L. Therefore we can get a
subsequence of integers (ny)x and a sequence (yx)r C & (X) such that y, € Wy, \Wp, and yp — y.
Thus there are functions fy € Hy(X) such that || fxx,, < 2% and |fr(yr)] > k + Zf;ll £ (ur)|-
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(520 5) )] = | 52 i)

because y;, belongs to &(X) and thus d,, is a continuous homomorphism. Therefore

ykl—((ZfJ) ()| - 1i yk1>|fkyk|-\zmk\-\zijkw-l

j=k+1

Then the series Z;’il fj converges to f € H,(X) and moreover

so we have that | f (yx)| — oo and then f cannot be extended to y. This is a contradiction since y
belongs to the Hy-envelope of X, £(X). Thus v(&(X)) is closed in £(X).

On the other hand v(& (X)) is open in £(X) because v is a morphism. Therefore v(&(X)) =
E(X). O

Corollary 5.1.8. Let (X,p), (Y,q) be connected Riemann domains spread over a Banach space E
and suppose that the morphism v : X — 'Y is an Hy-extension. Then T is an strong Hy-extension.

Proof. Let 7 : X — £(X) be the morphism into the envelope of X. By Theorem 5.1.7, £(X) =
Ep(X), and thus the evaluation at each point of £(X) is an Hy(X)-continuous homomorphism.
On the other hand, there exist a morphism p : Y — &(X) such that pov = 7. Thus the
evaluation at a point y € Y coincides with the evaluation at p(y) and therefore it is Hp(X)-
continuous. O

Theorem 5.1.7 says that the envelope is contained in the spectrum. In other words, evaluations
on elements of the envelope are always continuous. Of course, the coincidence of the strong and
the classical Hp-envelopes also allows us to give a characterization of the latter:

Corollary 5.1.9. Let (X,p) be a connected Riemann domain spread over a Banach space E and
let Y be the connected component of 7=1(E) which intersects §(X). Then 6 : (X,p) — (Y, ),
d(z) = 9, is the Hy-envelope of X.

The following result is widely known and follows from a straightforward connectedness argu-
ment.

Lemma 5.1.10. Let (X,p), (Y,q) be connected Riemann domains spread over a Banach space E
and let u,v : X — 'Y be morphisms. Suppose that X is connected, then either u(x) = v(x) for every
x € X oru(z) #v(x) for every x € X.

Proof. Let x € X, then for ¢ > 0 small, there exist a neighborhood U of z such that p|y : U —
B(p(x),¢) is an homeomorphism and a neighborhood U of u(z) such that i U — B(q(u(z)),e) =

B(p(x),e) is an homeomorphism. Then, since u|y = (q]U) o ply, it follows that u (and in the
same way any morphism of Riemann domains) is a local homeomorphism.

Let A ={x € X : u(x) = v(z)}. Take z € A, and let V' be a small enough neighborhood
of  such that u : V — w(V), ¢ : w(V) — q(u(V)), v :V — (V) and ¢ : v(V) — ¢(v(V)) are
homeomorphisms.

Let 2/ € V. Since u,v are morphisms, we have that g(v(2’)) = p(2') = ¢(u(z’)) and therefore
u(z') = v(2’) and thus A is open.

Since A is also closed by continuity of u and v we conclude that A = X. O

Theorem 5.1.11. Let (X,p) be a connected Riemann domain spread over a Banach space E. If
the Hy-Hy-envelope of X exists, then it coincides with the Hy-envelope E(X) of X.
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Proof. Let (Y, ) be the Hy-Hp-envelope of X. We put V,, = 6(X) UW,?, where W,, was defined in
the proof of Theorem 5.1.7. Then the extension of every function in Hy(X) to V,, is of bounded
type. Thus the inclusion i, : X — V,, is an Hp-Hp-extension and thus there exist morphisms
Vp : Vi — Y such that 7 = v, 04, If m > n then vy,|y, @V, — Y is a morphism and since
Z/n|5(X) = Z/m|5(X) = 7 we have by Lemma 5.1.10 that v,,|y, = vy.

Therefore the application v : &(X) — Y, v(z) = vy(z) if z € V,, is well defined and is a
morphism since v|y, is a morphism for every n € N.

On the other hand, it is clear that we have an Hp-extension morphism from X to Y and this
gives a morphism p from Y to & (X). Thus we have

vod=rT
XY —— (0 ——3Y

Therefore, vop(7(z)) = 7(x) for every x € X, which, by Lemma 5.1.10 implies that vop = idy.
Similarly we can show that pov =idg, (x). O

A consequence of the previous theorem is the following: in order that the Hj-Hp-envelope of X
exist, it is necessary and sufficient that every function on Hy(X) extends to a holomorphic function
of bounded type on &(X). In the next section we will show that this is not always the case, so the
Hy-Hy-envelope does not always exist.

5.2 Envelopes of open subsets of a Banach space

In this section we restrict ourselves to open subsets of a Banach space . In order to give a more
precise and concrete description of the Hy-envelope, we first study when every function in H,(U) can
be extended to some larger open subset of E. We are particularly interested in establishing if the
extensions are also of bounded type. As a consequence of the results in this section, we characterize
the Hp-envelope of an open balanced set U in terms of the polynomially convex hulls of the U-
bounded sets. We show that in general the extensions to the Hp-envelope are not of bounded type,
answering a question of Hirschowitz [Hir72]. Since we have seen that the Hy-envelope is contained
in the spectrum, extensions to the spectrum may also fail to be of bounded type. Also, the same
example shows that the Hy-Hp-envelope of a balanced set does not always exist. However, we
will see that if U is bounded and balanced then the extension is of bounded type and thus the
Hy-envelope is also its Hy-Hp-envelope.

First we give some definitions: Let U C E be an open set. Let F be a set of functions defined
on U (e.g. Hy(U), Hy(E), or P(E)), and A be a U-bounded set. We denote by A its F-hull, that
is

Ar={zecE: |f(x)| <|/flla for every f € F}.

IfU, ={z € U: |z <n, and dist(z, E\ U) > L1}, then {Uy,}, is a fundamental sequence of
U-bounded sets, and we define the set

0r= U (1)
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Definition 5.2.1. U is F-convezx if A\]: is U-bounded for every U-bounded set A C U.

Our definition of F-convex set coincides with the notion of strongly F-convex set investigated
by Vieira in [Vie07]. She proved that U is P(E)-convex if and only if U is Hy(FE)-convex (moreover,
she proved that A\'p( E) = A a,(p) for each bounded set A). If U is balanced then it is also equivalent
for U to be Hy(U)-convex ([Vie07, Proposition 1.5]).

Inspired by [CGMO05], we say that a point € E is an evaluation for Hy(U) if there is some
¢ € My(U) such that f(x) = ¢(f) for every f € Hy(E). If Hy(E) is dense in Hy(U) then ¢ is
uniquely determined. In this case it will be denoted by d,. The set of all evaluation points for

v
Hy(U) will be denoted by U. So we have the following:
Proposition 5.2.2. Let F = P(E) or Hy(E), then

VAP
(1) UcUcCUg.
\ ~
(2) If P(E) is dense in Hy(U) (for example, if U is balanced), then U = Ur.
\ ~
(3) U is F-convez if and only if U =U = Ug.

Y
(4) U is an open subset of m(7~1(E)).
Proof. (1) If z ¢ Ur then there exist f, € F such that fu(z) =1 and || fullu, < %

In particular, f,, — 0 in Hy(U), and then ¥(f,) — 0 for every ¢» € My(U). But if ¢ € My(U)
is such that ¢(f) = f(z) for every f € Hy(E) then ¢(f,) = fn(z) =1 for every n € N, which
v

is a contradiction. Therefore, z ¢ U.

(2) If P(E) is dense in Hy(U) and z € Uz, then there exists n € N such that |f(z)| < ||f|u, for
every f € Hy(E) and therefore 4, is a bounded homomorphism defined on a dense subset of

Y
Hy(U). Hence we can extend d, to an element of M(U), and then z € U.

(3) The “only if” part is a consequence of the definitions and from the first assertion. The “if”
part follows from [Vie07, Lemma 1.3].

Y
(4) Let x € U, then there exist ¢ € M(U) such that ¢(f) = f(x) for every entire function of
Y
bounded type. Since U C E, ¢ actually belong to 7~ !(E).
Thus there exists § > 0 such that ¢¥ € 7= }(E) for every y € Bg(0,0) (see Lemma 5.1.4).

v
Moreover for every f € Hy(E), ¢¥(f) = f(z +y). Therefore, z + y is in U.
U

Corollary 5.2.3. Let U be an open balanced subset of a Banach space E. Then (773 1s the Hp-
envelope of U.

Proof. By Corollary 5.1.9 we have to show that §(Up) is the connected component of 7~ 1(E) C
My (U) which contains 6(U). The proof of Proposition 5.2.2 (2) actually shows that 5((773) C My(U).
Thus it is contained in 7—'(E). Moreover, by [Vie07, Lemma 1.4], Up is balanced and hence
connected.

On the other hand, if z € E'\ Up, then for every n € N, there exist functions f,, € Hy(E) such
that || fnllv, < 5= and |fn(2)| > 1. Thus f, — 0 in Hy(U) and therefore &, cannot be a continuous
homomorphism. ]
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Thus, if U is balanced we can extend holomorphic functions of bounded type on U to [773. By
Corollary 5.1.8 the inclusion U — Up is a strong Hp-extension. Moreover, it is possible to obtain
extensions which are of bounded type “on every point” of Up in the following sense.

Proposition 5.2.4. Let U be a balanced open set. Then every holomorphic function of bounded
type on U extend to [773. Moreover for each y € (773, there ewist a connected open set Uy, such that
{y}uU Cc U, C (773 and such that every holomorphic function of bounded type on U extend to a
bounded type function on U,.

For the proof we will use the following two Lemma’s which are similar to results in [Din71b].

Whenever polynomials are dense in Hy(U), we can extend holomorphic functions of bounded
type on U to Up since by Proposition 5.2.2 (2), Up may be embedded in Mb(U) Let f € Hb(U)
and (P,), a sequence of polynomials which converges | to f, if we denote by f its extension to U’p,
then it satisfies that f(y) = lim,, P,(y) for every y € Up.

Lemma 5.2.5. Suppose that P(E) is dense in Hy(U). Let B be a U-bounded set, y € Ep and

rem@). mhen |12 < up |42

<

Proof. Let ¢ € P*(E)' such that ||¢|| < 1. Then g = ¢ o 4L belongs to Hy(U). Let (P,), C P(E)
such that P, — g in Hy(U). Then g(y) = lim P,(y) and since y € Bp, we have that |P,(y)] <
| Pnl|B. Note also that g and ¢ o , are holomorphic functions in Up which coincide in U so they
are the same function.

f d* f(z)

k
Therefore [6(%(y))| = [3(3)] < lgls = supsep |o(H2)| < supsep |24
true for every ¢ € PF(E)’ such that ||¢|| < 1, we conclude that H%H < sUp,ep ‘

. Since this is
dk
Al o

Lemma 5.2.6. Suppose that P(E) is dense in Hy(U). Lety € ((/];)P
f € Hy(U) the Taylor series of f aty converges on the ball Bg(y, %) Moreover, Bg(y, %) c Up
and for every ||z|| < 2, it holds that | f(z + )| < || fllvs,-

Then for every function

Proof. For every x € U,, we have that Bg(z, %) C Uyy,. By the previous lemma and Cauchy

inequalities,

|0 < sup |22 < 17y, (31)"

By the Cauchy-Hadamard formula, the Taylor series of f at y converge in Bg(y, 2. If |z < 31

then ~ - ~ -
>5 0 )| < 3 L ol < 111, 3 () () = 90l
k=0 k=0

Since this is true for every function in Hy(U). In particular, for each & € N and each polynomial P,
we have that HPH’;E(%%) = HP"‘HBE 2y < 9| P* ||y, = 9HPHU4 and thus HPHB ) < 1P|, -

Y:30)

This implies that Bg(y, ) (U4n)73 C U’p Therefore Y7, a" f(y (x) = fly + x) and a similar
reasoning allows us conclude that || f||, ) S U - O

Proof. (of Proposition 5.2.4) The point y belongs to ((/];)P for n € N sufficiently large, which is
p- Let Uy =
(UzE[O . Bg(z, 3n)>uU By the last Lemma U, C Up and for each f € Hy(U), HfH <

clo,y] BE(2 —)

balanced by [Vie07, Lemma 1.4], and hence the segment [0,y] is contained in ((/];)

O

| fllt,,, < co. Therefore f is of bounded type on U,,.
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Remark 5.2.7. Note that if f € Hy(U), then the extension f to Up belongs to the set {g €
H(Up) : g is bounded in (U )p for every n € N}.

On the other hand, we cannot expect to extend the functions of Hy(U) to connected subsets of
E larger than Up (or to points outside Up). Indeed suppose V' D U is another connected open set
such that the inclusion U < V' is an Hj-extension. If z € V' then ¢, belongs to M;(U) by Corollary

v
5.1.8. Since for every entire function f, d,(f) = f(z), we conclude that z belongs to U. Therefore

functions of bounded type cannot be extended outside & , and neither outside (77) by Proposition
5.2.2(1).

At this point, it is natural to ask if the extension to [773 must be of bounded type. By
Corollary 5.2.3, for balanced subsets, this question coincides with the following question made
by Hirschowitz in [Hir72, Remarque 1.8]: is the extension of every function of bounded type to the
Hy- envelope of holomorphy of bounded type7 The next example shows that in general the exten-
sions to U’p are not necessarily in Hb(U'p) answering both questions by the negative. Moreover,
since by Theorem 5.1.9 the Hy-envelope is contained in the spectrum, this also shows that canoni-
cal extensions to the spectrum are not always of bounded type. We present, inspired in [CGMO5,
Example 7], an open balanced set U C ¢ and a function in Hy(U) which cannot be extended to a
holomorphic function of bounded type on Hb(ﬁp).

Example 5.2.8. There is an open balanced set U C ¢y and a function g € Hy(U) whose extension
to Up(cy) 15 not of bounded type.

Proof. Set E = ¢, and for x € ¢, let
j@) = minj ¢ [as;] = max o]}
1€N
Note that j(Az) = j(z) if A € C\ {0}. We define for k > 4

pe(x) = [kops1 + Toj()| + ksig |Z2i41],
(]

and the sets Vi, = {z € ¢o : pi(z) < 2}.
Let U be the following balanced set

1
U= HV’“ + 7 Beo-
where B, denotes the open unit ball of cg.

We first show that {(En\) P(Co)}n is not a fundamental sequence of ﬁp(CO)—bounded sets.

Fix k£ > 0. Since pg(eax+1 — keam) = 0 then egr1 — keay, € Vi for every m € N. Thus if
|z < &, dist(eag1 — keam + 2,0 \U) > § and therefore Cy, := {eap11 — keam + §Be, : m € N} is
U-bounded.

We now prove that egpi1 + 2 € (773(00) if |z|| < §. Let P € P(cp) and € > 0. Since finite
type polynomials are dense in P(co), we can take @ € Pr(co) such that [P — Q| (x42)p., < &/3.
Moreover, since @ is of finite type and {egy, },, is weakly null, there is mg such that if m > mg then
|Q(egk+1 — keam + ) — Q(eap+1 + )| < €/3. Thus

|P(eags1 — keam + ) — Pleagyr1 + )| < |P(eagsr1 — keam + ) — Q(eaps1 — keay, + )|
+|Q(e2k+1 — keam + ) — Q(e2r41 + )|
+|Q(e2p4+1 + x) — Plegky1 + )| < e.
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Therefore
|P(ear+1 + )| < sup |P(eary1 — kean + )| < sup |P(y)],
meN y€Cy

and so egpy1 + 7 € (Afp(cO) if [|z]] < £ and k > 4. This means that the set D := {egn+1 : n > 4} is
Up (cy)-bounded. R

Suppose thit C C U is such that D C Cp(,). Now we show that C' cannot be U-bounded.
Since e2n41 € Cp(cy), we have that |P(eg,11)| < supyec |P(y)| for every P € P(cp). In particular,
if P = e, q, this says that 1 < sup,cc |y2n41|- Thus there is a sequence {y"} C C such that
|Yns1l > %

For each y” there exists k > 4 such that y™ € V + cho and thus there is some x"™ € V. such
that ||z" — y"| < 1. Note that |2%,, | > 3. Actually we have that 2" € V},, indeed, if j # n,

, . . J
pj(z") = ‘ngj—f—l + wé‘j(mnﬂ +J Sip 25 11| = Jlasn ] > 5~ 2.
i#]

This implies that 2™ ¢ V;. Then

)

2> pn(xn) > |nmgn+1 + x%(z")‘ > ‘n‘xgn-‘rl‘ - ‘xg](z")‘

so we have that

n
27 2 1oy > Plafpl —2> 5 —2. (5.4)

Therefore ||y"| > [z — 1 > 2 —2— 1. Since {y"}, C C, this tell us that C is not bounded. We

have proved that {(U”)P(co)} is not a fundamental sequence of ﬁp(CO)—bounded sets.
n

We now define the function g whose extension to ﬁ'p(cO) is not of bounded type.

Let g,(2) :== (222,41)", for x € co. We will prove that {g,}, is a bounded sequence in Hy(U)
but not in Hb(ﬁp(cO)).

Since gp(€2n+1) = (%)n, {gn}n is not bounded in the ﬁp(co)—bounded set D, and thus {g,}, is
not bounded in Hy(Up(c,))-

Let A be U-bounded and take M > 0 such that |[z| < M — 1 for all z € A. Let ¢ € A4,
then zo = y + 2 with y € Vj for some k > 5 and |[2|| < 1. We claim that if n > 2(M + 2) then
lyont1| < % Indeed, if n # k, then klyan+1] < 2 and thus |yon4+1] < % On the other hand, if
n =k and |yon4+1| > %, we can apply equation (5.4) to y, which implies that ||y|| > § — 2. But this
contradicts the fact that ||y|| < M and n > 2(M + 2). Therefore

() e

T \4\2 4 ’
for every x € A and every n > 2(M + 2). Since sup{|gn(z)|: z€ A, 1 <n <2(M +2)} < oo, we
conclude that {gy}, is a bounded sequence in Hy,(U).

o= £ (3 (o)

neN

)
19(2)] = |7 (v2ns1 + 22041)

If we take g the function

then g belongs to Hy(U) but (its extension) does not belong to Hb(ﬁ’]j(c())). O

The previous example also shows that the Hj-Hjp-envelope of holomorphy does not exist in
general:

Corollary 5.2.9. The Hy-Hy-envelope of holomorphy does not always exist.
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Proof. Let U a balanced open set such that there exist f € H,(U) whose extension to [773, f , is
not of bounded type (take, for instance, the open subset of ¢y given in the previous example). If
the Hy-Hp-envelope of U existed, by Theorem 5.1.11 it should coincide with &(U) = (77). But this
is impossible since the extension of f to (77) is not of bounded type. U

Note that the set considered in Example 5.2.8 is unbounded. For bounded balanced domains,
we see that everything works fine. To prove this we will use the following Lemma which states that
the polynomial hull of a balanced set coincides with the intersection of its homogeneous polynomial
hulls. This was noticed, for example, in [Sic85] for balanced sets in C".

Lemma 5.2.10. Let V C E be a balanced set. Then 1773 = ﬂneN‘Afpn, where ‘A/pn ={zx € E:
|P(z)| < ||P||ly for every P € P*(E)}.

Proof. We only need to prove that ﬂneNYAfpn C ‘773 since the other inclusion is clearly true for every
set.

Let z € ﬂneN‘A/pn and let P € P(E) with deg P = k. For n € N we have that P" = Qo+ - -+ Qnk,
with Q; € P/(E). By the Cauchy inequalities, ||Q;[|v < ||P"|lv, thus |P"(z)| = |Z?i0 Qj(z)] <
S 1@l < S 1Py = (nk 4+ 1)[[PIfy. Therefore |[P(2)] < (nk+1)% [ Plly for every n € N,
which implies that |P(2)| < || P|v. O

Theorem 5.2.11. Let U C E be a bounded open balanced set, then every function in Hy(U) can
be extended to a holomorphic function of bounded type in Up.

Proof. Let f € Hy(U). By Corollary 5.2.3, f can be extended to a holomorphic function fon Up.
We must show that f € Hb(ﬁ'p).

Since U is a bounded balanced set, U)nen is a fundamental system of U-bounded sets.

(741
We will prove that ((%5 T U) )n en is a fund;mental system of Up-bounded sets. Let A C Up be a
Up-bounded set. Then A C n+1 Up for some n € N, so it suffices to prove that 25 Up C (nJrl U)
for each n € N. Let z € n_HU'p, then 2tz € Up. 1If j € N and Q; € PI(E) then |Q;(“z)| <
1Qjllr- Therefore |Q;(z)] < (2)”1Qsllv = Supyeu\Q] vl = Q5=
T € (4 U) for every j. By Lemma 5.2.10, z € (35 U)

We have ‘shown that, for each Up-bounded set A, it holds that A C (RLHU);; for some n € N.

Thus, by Remark 5.2.7, f € Hb(ﬁp). O

U which means that

We already that ﬁ'p is the Hp-envelope of U in case U is a balanced open set. By the above
theorem we have the following.

Corollary 5.2.12. Let U be a bounded open balanced set of Banach space E. Then (773 is the
Hy-Hy-envelope of U.

We end this section by applying previous results to study Hp-domains of holomorphy:

Corollary 5.2.13. Let U C E be a bounded open balanced set, then (773 is an Hyp-domain of
holomorphy.

Proof. Let z € Up and A be a U-bounded set such that |0.(f)| < ||f|l4 for every f in Hy(U). Let
r < dist(A,U°), then it can be shown as in [AGGMI6] that {(6,)* : a € E, |la| < r} C My(U)
(note that since we only consider a € E the symmetric regularity of E is not needed). But this
means that Bg(z,7) C Up. Therefore dist(z, (Up)©) > dist(A,U°).

Now we can adapt the proof of [DV04, Proposition 2.4] (together with Theorem 5.2.11). O
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Next corollary is now an immediate consequence of the previous results.

Corollary 5.2.14. Let U C E be a bounded open balanced set. Then U is an Hp-domain of
holomorphy if and only if U = (773.

5.3 Extending functions of bounded type to open subsets of E”

In this section we try to extend functions of Hy(U) to open sets in E” containing U. First of all
note that the argument given after Remark 5.2.7 is no longer true, since the restriction map fails
to be injective. Therefore it is not clear which is (if there exists) the largest set on E” to which we
can obtain extensions of bounded type in the sense of Proposition 5.2.4.

v
Let us start by defining the following variation of the set U:

\/ ~

U":={z € E" : there is some ¢ € My(U) such that ¢(f) = f(z) for every f € Hy(E)}.

V Vv \
Note that U = U”" N E and U” C n(My(U)) for every open set U. Analogously, we define for a
U-bounded set A,

= (o € E": |AB(f)(@") < |flla for every f € P(E)},

where AB(f) denotes the Aron-Berner extension of f and let

0= U ().

neN

We can prove as in Proposition 5.2.2 that if U is balanced then (77@ = (}/ .

Before we go on, let us make clear that we cannot expect (77’§ to be the largest open subset of
E” to which functions on Hy(U) extend. For example, take a nonreflexive Banach space E that
is complemented in its bidual E”, say E” = E & M. Denote by 7g the projection to E. Then
every function f € Hy(U) can be extended to fe Hy(U x M) by f = fong. On the other hand,
the Hahn-Banach theorem shows that (77’§ cjJ E(coe(U))w*. Thus, in general we can extend to sets
which are larger than (77@ But we can see that if jg(U) C W C E” and we consider a continuous
homomorphism e : Hy(U) — H(W) such that e(f)(Jg(z)) = f(x) for every x € U, f € Hy(U)
and which coincides with the Aron-Berner extension on polynomials, then W must be a subset of
ﬁ;ﬁ Indeed, if z € W'\ (77@, then there exist functions f,, € Hy(E) such that |AB(f,)(z)| > 1 and
| full, < 1. Then f, — 0 in Hy(U) and thus AB(f,) = e(f,) — 0 in H(W), which contradicts
the fact that |AB(f,)(z)| > 1. This shows in particular that the Aron-Berner extension does not
coincide with the composition with a projection 7g, at least for bounded sets. And this allows us
to think of (77@ as a candidate to be the largest set in which the Aron-Berner extension is defined.

A continuous homomorphism e : Hy(U) — H(W) (W C E”) which is an extension (i.e.
e(f)(Je(x)) = f(z) for every f € Hy(U) and every = € U) and which coincides with the Aron
- Berner extension for polynomials will be called an AB-extension homomorphism. Note that for
us, an AB-extension is a homomorphism between spaces of holomorphic functions, but in the frame-
work of Riemann domains the extensions are morphisms with special properties. This motivates
the following definitions:



116 CHAPTER 5. ENVELOPES OF HOLOMORPHY

Definition 5.3.1. Let (X,p) be a connected Riemann domain over E and (Y, q) a connected
Riemann domain over the bidual E”. A continuous application 7 : X — Y is said to be an
AB-morphism if Jg(p(x)) = q(7(z)) for every z € X.

T

X Y

p q

JE

E E//

Definition 5.3.2. Let 7 C H(X) and G C H(Y). An AB-morphism 7 is an F-G-AB-extension
(F-AB-extension if G = H(Y)) if for each f € F there exist a unique f € G such that

i) for=f

ii) f is locally the Aron-Berner extension of f; that is for each = € X, AB (fo (p‘B(Z’T))*l) =
fo (QIB(T(I),T))_l’ for some r > 0.

Definition 5.3.3. Let F C H(X) be a topological algebra. An AB-morphism 7 : X — Y is a
strong F-AB-extension if it is an F-AB-extension and the application F > f — f (y) is in the
spectrum of F.

Note that any Hy-H,-AB-extension 7 : X — Y must be a strong Hy-AB-extension. Indeed if we
let F be the set {f : f € Hy(X)}, then it is a Fréchet space when considered with the topology of
uniform convergence on Y-bounded sets. Thus the homomorphism e : Hy(X) — H(Y') determined
by 7 is a bijection from Hy(X) to F. Moreover, it is clear that e~! is continuous. Therefore e must
be continuous.

Remark 5.3.4. If U is an open set of E such that P(E) is dense in Hy(U) and W is an open set
of E" such that Jg(U) C W, then (Jg)), is a strong Hy-AB-extension if and only if there exists a
homomorphism e : Hy,(U) — H(W) such that

i) e(f)(Ji(x)) = £(z) for every z € U, f € Hy(U),

i) Hy(U) > f +— e(f)(z) belongs to My(U) for every z € W and,

ii1) e coincides with the Aron-Berner extension on polynomials, that is AB(P) = e(P) for every
polynomial P € P(E).

Indeed, if (Jg)), is a strong Hy-AB-extension it is clear that AB(P) = e(P) for every P € P(E).

Conversely, let (P,), C Hy(U) such that P, — f in Hy(U) and r > 0 such that Bg(z,r) C U.
Then for every z € Bgn(Jga,r), AB(P,)(2) = Pa(2) — f(z) and thus AB(f|BE(I’T))
for every x € U, f € Hy(U).

= f|BE//(JEz,'r)

Remark 5.3.5. In [DV04]|, AB-morphisms are called morphisms, and the authors also consider
Hj-extensions, but their definition differ from ours. Indeed, they only ask for condition ) in the
definition of AB-extension 5.3.2. Thus, for example, if 7 : E” — E is a projection, then 7g is
an Hj-extension in the context of [DV04], but it is not an AB-Hj-extension (see comments before
Definition 5.3.1).

Recall [GGM93, Theorem 1.3] that if U is an absolutely convex open subset of then the Aron-
Berner extension is an isometric isomorphism AB : H®(U) — H®(int(U " )).

*

Corollary 5.3.6. Let U C E be an open absolutely convex bounded set. Then (77@ = int(Uw ).
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Proof. (77@ C int(Uw*) by the Hahn - Banach theorem. int(Uw*) C (77’§ since by [GGM93, Theorem
1.5] there is an AB- extension morphism from U to int(TU" ). O

By the comments before Definition 5.3.1, if W is an open set of E” such that Jg(U) C W, then
(JE)), is a strong Hy-AB-extension then W must be contained in Uz. We will prove bellow that
it is the “AB-envelope”:

Definition 5.3.7. The AB-morphism 7 : X — Y is said to be a F-AB-envelope of holomorphy
of X if 7 is a F-AB-extension of X and if for each F-AB-extension of X, v : X — Z, there is a
morphism p : Z — Y such that pov = .

The AB-morphism 7 : X — Y is said to be a strong F-AB-envelope of holomorphy of X if 7 is
a strong F-AB-extension of X and if for each strong F-AB-extension of X, v: X — Z, there is a
morphism p : Z — Y such that pov = 1.

The AB-morphism 7 : X — Y is said to be a Hy-Hy-AB-envelope of holomorphy of X if 7 is a
strong Hy-Hy-AB-extension of X and if for each Hy-Hy-AB-extension of X, v: X — Z, there is a
morphism p : Z — Y such that pov = 1.

-
xZ Y Lz 3y
p—E

Let U C E be an open subset. We want to fix an open subset of E” to which there is an
Aron-Berner extension. Although the following results should be known, we prefer to include them
for self-containment, to fix notation and because we will use this construction in the next section.
For z € U we denote r, = dist(z,U¢). Let W C E” be the following open set

. (T
W = U BEW((I,',HIIH{?, 1}).
xeU

Note that W is balanced if U is balanced and that W N E = Jg(U).

Proposition 5.3.8. Let U C E be an open set such that P(E) is dense in Hy(U). Then there
is an AB- extension homomorphism from Hy(U) to Hy(W), that is Jg|ly : U — W is an Hy-H,
AB-extension.

Note that by the comments above, W C (77’§ Before we prove the proposition we need the
following

Lemma 5.3.9. Let C be a W-bounded set. Then there exists D, U-bounded, such that

cc | BE,,(x,min{%’”,u).
zeD
Proof. Let & = dist(C,W*¢) and R = sup{||z|| : z € C}. Define D :={z € U : ||z|| < R+1,7, > 3¢}
then D is U-bounded. We must show that C' C |J,cp Be (2, min{%, 1}).
Let z € C, and 2 € U such that z € Bgv(x, min{%,1}), it suffices to prove that z € D.
Ifr, < %E then

dist(z,W¢) < dist(z,WNE)<|z—z|+7r, < % +7ry <e,
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which is a contradiction. Thus r, > %5.
Moreover, since z € Bgr(x,1) and ||z]| < R, we have that ||z|| < R+ 1. Therefore z € D. O

Proof. (of Proposition 5.3.8) Define ® : P(E) — Hy(W) by ®(P) = AB(P)},,. Let us show
that it is continuous when we consider on P(E) the topology induced by H,(U). Take C' a W-
bounded set and P € P(FE). By the previous Lemma there is a U-bounded set D such that
C C Uep Ber(z,min{%,1}). Clearly, the set A = |J cp Be(x, min{%,1}) is U-bounded and
since the Aron - Berner extension is isometric in Bg(z, min{%,1}) for every z, we have that

|®(P)|lc < [|@(P)| = ||P|4 < oo.

Uzep Bgr (zmin{ & 1})
Thus ® extends to a continuous homomorphism & : Hy(U) — Hy(W) which is clearly an AB-

extension. 0

Proposition 5.3.10. Let U be an open balanced set of a symmetrically reqular Banach space E.
Then

(a) Jgly : U — (77@ is a strong Hy-AB-exstension. Every function in Hy(U) can be extended to a
holomorphic function in ﬁ}’; and the extensions are bounded on the sets ((7”)/7;, for everyn € N,
(b) if U is also bounded, there is an AB-extension homomorphism from Hy(U) to Hb((?#), that is
Jply : U — (77’§ is an Hy-Hy-AB-extension.

Proof. (a) We prove that (77@ is the connected component of My(U) which contains U. Indeed, if
z € (77’§ then 4, is a bounded homomorphism when restricted to polynomials. Since polynomials are
dense in Hy(U) it follows that 0, is in M(U). Moreover we can easily modify the proof of [Vie(7,
Lemma 1.4] to show that (77@ is balanced. On the other hand if z € E” \ (77@ then for each n € N,
there is a function f,, € Hy(U) such that |[AB(f,)(2)| > || fnllu, and thus 6, ¢ M (U).

It was proved in [DV04, Proposition 2.3] that bounded type functions extend to holomorphic
functions on the spectrum M (U) via the Gelfand transform, and this extension clearly coincides
with the Aron-Berner extension for polynomials. Therefore the inclusion Jg|y is a strong Hy-
AB-extension. The second assertion follows by the definition of the sets ((7”);; together with the
density of polynomials on Hy(U).

(b) Just adapt the proofs of Lemma 5.2.10 and Theorem 5.2.11. O

Proposition 5.3.11. Let U be an open (bounded) balanced set of a symmetrically reqular Banach
space E. Then Jgly : U — Up is the strong Hy-AB-envelope (Hy-Hy-AB-envelope) of U.

Proof. Let (Z,q) be a connected Riemann domain over E” and 7 : U — Z a strong Hy-AB-
extension. We have proved in the above proposition that Jg|y : U — (77@ is a strong Hy-AB-
extension. Suppose that ¢(Z) C U", then clearly ¢ : Z — (77@ is a morphism and Jg|y = qo .
Thus it suffices to prove that ¢(Z) C (77@

Take P € P(E) and let P its AB-extension to Z. Then, for each z € Z, P(z) = AB(P)(q(z)).
Indeed if we define Q(z) = AB(P)(q(z)) then @ is holomorphic in Z. Moreover, for x € U and for
sufficiently small r > 0, Qo (qB(T(m)y,ﬂ))_l is the Aron-Berner extension of P|p, ), thus @ must be
the AB-extension of P to Z.

Suppose now that ¢(z) ¢ (77@ for some z € Z. Then there exist (P,) C P(F) such that
[Pl < L and [AB(P,)(g())] > 1. Thus P, — 0 in Hy(U) but [Bu(2)] = [AB(P)(g(2))] > 1,

so the evaluation at z cannot be a continuous homomorphism, which contradicts the fact that
7:U — Z is a strong Hy-AB-extension.
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If U is also bounded then by the previous proposition Jg|y : U — (77@ is an Hj-Hj-AB-extension
and thus the Hy-Hp-AB-envelope of U. O

Similarly to Corollary 5.2.13 we can prove the following.

Corollary 5.3.12. Let E be a symmetrically regular Banach space. Let U C E be a bounded open
balanced set, then Uz is an Hy-domain of holomorphy.

5.4 Density of finite type polynomials

In several complex variables, the holomorphic convexity of U, or U being a domain of holomorphy,
is equivalent to M(U) = 6(U). In our infinite dimensional setting this is not the case unless E
has very particular properties. We can imprecisely explain this in the following way: if £ is not
reflexive, there are always elements of the bidual in the spectrum, so the equality M,(U) = §(U)
cannot hold. On the other hand, if there are polynomials on E that are not weakly continuous
on bounded sets, there is much more than evaluations in the spectrum [ACG91, AGGM96], and
so Myp(U) = 6(U) is impossible even if E is reflexive. We will formalize this below, refining some
results of [Vie07, MujO1].

In [Vie07], Vieira proved that for reflexive spaces such that every polynomial is approximable
(i.e., for Tsirelson-like spaces), if U is a balanced Hy(U)-convex subset, then M(U) = 6(U). We
now show that a converse of this theorem is an easy consequence of previous results.

Proposition 5.4.1. Let E be a Tsirelson-like space and U a balanced open subset of E. Then U
is Hy(U)-convex if and only if My(U) = 6(U).

Proof. The “only if” part is Theorem 2.1 in [Vie07]. If My(U) = §(U), then

v .
(5(U) C (5(U) C (5(U73(E)) C Mb(U) = (5(U)
Therefore [77)( p) = U and thus U is Hy(U)-convex. O

As many of our results, Proposition 5.4.1 holds for any U such that polynomials are dense in
Hy(U).

The following result was given in [Muj01l, Theorems 1.1 and 1.2] for convex sets, but actually
their proof works for balanced Hy(U)-convex sets:

Proposition 5.4.2. Let U be any balanced Hy(U)-convex open subset of a Banach space E such that
E’ has the approzimation property. Then E is a Tsirelson-like space if and only if My(U) = 6(U).

Let us see that, in fact, the statement M(U) = §(U) is equivalent to U being H,(U)-convex
subset of a Tsirelson-like space, thus obtaining an improvement of the previous result:

Theorem 5.4.3. Let U be a balanced open subset of a Banach space E whose dual has the ap-
proximation property. Then My(U) = 6(U) if and only if E is a Tsirelson-like space and U is
Hy(U)-convez.

Proof. One implication follows from Proposition 5.4.1. For the converse, by the previous theorem,
it suffices to prove that U is Hy(U)-convex. Since U is balanced this is equivalent to prove that
U is P-convex ([Vie07, Proposition 1.5]). By Proposition 5.2.2 (3) we must show that U = Up.
Suppose that w € (773 \U. Since by Corollary 5.1.8 the morphism U — [773 is a strong Hp-extension
it follows that d,, belongs to My(U). Therefore we cannot have the equality M,(U) = 6(U). O
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As the previous theorem states, the equality My(U) = 6(U) is hard to achieve for domains in a
Banach space E. This is because in general M(U) cannot be identified with a subset of E. But
we know that M,(U) can be projected on E” via 7, so a natural question is the following: suppose
that U is Hp(U)-convex and E reflexive. Is it true that m(M,(U)) = U? And if we drop off the

v

reflexivity assumption, can we obtain something like 7(M;,(U)) = U” instead?
Let us see that, if finite polynomials are not dense, there are P-convex subsets U for which

v
w(My(U)) is larger than U”. In particular, if E is reflexive with the approximation property but
not Tsirelson-like, there are subsets U C E that are P-convex but 7(M,(U)) = E.

Proposition 5.4.4. Let E be such that E' has the approximation property. The following condi-
tions are equivalent:
(i) finite type polynomials are dense in Hy(E),
v
(i1) U" = w(Myp(U)) for every open subset U of E,
v

(iii) U" = w(My(U)) for every open P-convex subset U of E.
If the conditions do not hold, there exists a proper subset U of E which is Hy(U)-convex but
E C n(My(0)).

Proof. Suppose first that finite type polynomials are dense in Hy(E). If z € w(M,(U)) then there is

some ¢ € M (U) such that ¢() = v(z) for every v € E’. Since finite type polynomials are dense in

Hy(F) and ¢ is multiplicative, we have that o(f) = AB(f)(z) for every f € Hy(E), where AB(f)
v

denotes the Aron-Berner extension of f. Thus z € U”. We have proved that (i) implies (i).

Clearly, (it) implies (7i1).

(13i) = (i): we will prove that if there is a n-homogeneous polynomial P which is not weakly
continuous on bounded sets then we can find an open P-convex set U C E\{0} such that (}/’ 'NE=U
but E C w(My(U)).

Take a weakly null bounded net {z;};c; C Sg such that P(z;) > 1 for every i € I. Define the

set

U= {x € E: Re(P(x)) > %}

For y € E\U, let fy(x) = m. Then f, is holomorphic in U. Moreover, let A be a
U-bounded set and R > 0 such that A C Ug. Fix v € A C Ur C U, let t = Re(P(z)) and take
o > 0 such that Re(P(az)) = a"Re(P(z)) = 3 (which simply means that o = (2%)% < 1). Since
az does not belong to U, we have ||z — az|| > % and substituting, we get 1 — ()™ > i1 > =

2t)" 2 Rz = R”2-
Therefore, Re(P(z)) =t > &( R§21) . Since ()" > 1, this implies that f, is bounded on A4,
that is, f, € Hy(U).

Thus, if we define for k € N, fx(x) = anzo e™PW=P) then {f,} is a bounded sequence in
Hy(U) since it converges to f. Moreover, fr € Hy(E) for every k € N and fi(y) = k + 1, which
v

v
means that y ¢ U. Therefore U" NE =U.
Let # € E, then we can find A > 0 such that the set {x + Az;} is U-bounded. Indeed, since

v
P(z+Xz;) = 0 (M)AFP(z"F, zF), for A > 0 big enough we have that Re(A\"P(z;)) = A"P(z;) >

1+ | Zk:o () )\kP(x"*k,xf)‘ for every i € I. Then Re(P(x + Az;)) > 1 for every i € I. Take now
M > 0 such that ||z + Az;|| < M for every i. Take y € E'\ U. Then, if ||y|| > M + 1, it holds that

R21
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||z + Az; — y|| > 1. On the other hand, if ||y|| < M + 1, we have that

1
3 = |Re(P(z + Az;)) — Re(P(y))| < [P(x + Av;) — P(y)|
Y ok B k=1 k+1
< D IP((x 4 Ax)" R k) = P((a+ Axy)m )
k=0
n—1
< w4 Az = yllIPID D o+ Ayl
k=0

< o+ Az =yl [Pln(M +1)"

Therefore, || + Az; — y|| > min{1, (2||P||n(M + 1)"*1)71} for every y € E'\ U, which implies that
{x + A\z;} is U-bounded.

Then {x + Az;} C Ug for some R > 0 and since {z;} is weakly null, this means that = € U_Rw*
and, by [CGMO05, Proposition 18], x € m(My(U)). Therefore E C w(My(U)).

It remains to prove that U is P-convex. For this, if A is U-bounded, we can find as before ¢ > 0
such that A C {x € E: Re(P(z)) > § +¢}, and if y ¢ U, then Re(P(y)) < 3. Therefore if we set
f@) = e P@, f e Hy(E) and |f(y)| > ¢ > ¢ 27 > ||f||4, which means that y ¢ Ay, ) = Ap.
Thus A\'p C U and U is P-convex. O

Corollary 5.4.5. Let E be a reflexive space with the approximation property. The following con-
ditions are equivalent:
(i) E is a Tsirelson-like space,
(ii) Up = w(My(U)) for every open subset U of E,
(i1i) U = w(My(U)) for every open P-convex subset U of E.

If the conditions do mot hold, there exists a proper subset U of E which is P-conver but
m(My(U)) = E.

If finite type polynomials are dense in Hy(U), then 7 is clearly injective. Therefore, we have
the following description of the spectrum of Hy(U):

Corollary 5.4.6. a) If finite type polynomials are dense in Hy(E) and U is balanced, then My(U) =
v
5(u”).
Y
b) If U is a balanced open subset of a Tsirelson-like space, then My(U) = 6(U).

Again, reciprocal statements in the spirit of Theorem 5.4.3 are also valid.

We end this section with a Banach-Stone type result. In [Vie07, Theorem 3.1] the following was
proved: if E and F are reflexive Banach spaces, one of them Tsirelson-like, and U C E, V C F are
open balanced and P-convex, then the following conditions are equivalent:

(1) There exists a bijective mapping ¢ : V' — U such that g € Hy(V,U) (g is holomorphic and the
image under g of V-bounded sets is U-bounded) and g~% € Hy(U, V).
(2) The algebras Hy(U) and Hy(V') are topologically isomorphic.

In that case it follows that £ and F' are isomorphic Banach spaces.

In [CGMO05, Corollary 22] a similar result was proved for convex balanced open sets when every
polynomial on E” (or F") is approximable. In that case it follows that E’ and F’ are isomorphic.

We will slightly improve those results with the following (see below for precise definitions):
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Theorem 5.4.7. Let E, F be Banach spaces, V  C F, U C E open balanced subsets and suppose
that every polynomial on E" is approximable.

If ¢ : Hb(U) — Hb(V) is a Fréchet algebm isomorphism then there exists a biholomorphic
function g : V73 — UP, with g € HOO((V )P’(U ) and g7t € HOO(((/]:L)%,(‘//;)%), both locally
w*-w* continuous such that ¢f = f o g for every f € Hy(U).

Conversely, if g is such a function then the operator ¢ : Hy(U) — Hy(V') given by ¢of = fog|v
1s a Fréchet algebra isomorphism.

In that case E' is isomorphic to F’.

To prove this Theorem we will need some preliminary results.

Let V' C F be a balanced open subset. Then by Proposition 5.3.8, there exists an open set
W C F” such that every function in f € Hy(V) extend to a function f € Hy(W). Throughout the
rest of this section W will denote this subset.

Lemma 5.4.8. Let E, F be Banach spaces, V. C F an open balanced subset and U C E open.
Suppose that ¢ : Hy(U) — Hp(V') is a continuous and multiplicative operator. Then

a) the mapping g : W — E”, defined by g(y") = w(0y» o ¢) is holomorphic.

b) if F is symmetrically regular then the mapping g : ‘77’3’ — E", defined by g(y") = (6, 0 ¢) is
holomorphic.

Proof. a) Denote by 604 : My(V)) — My(U) the restriction of the transpose of ¢. Then g is just the

composition W 2 My(V) B, My(U) =~ E" which is well defined by Proposition 5.3.8. If we
take ¢y € W and 2’ € F’, then g(y")(a') = dyr(p2') = ¢a'(y"). Thus g is weak*-holomorphic on
W and therefore holomorphic (see for example [Muj86, Exercise 8D]).

b) By Proposition 5.3.10 we can define g on 177’3’ . The proof of a) works fine. O

For an open set U C E, consider a family of subsets Ay C U, k € N, such that |J, Ay = U. We
define:
H2 () = {F € HU) : [[f]la, < oo for every k},

which is a Fréchet algebra with the topology of uniform convergence on the Ay’s. If (A); form
a fundamental system of U-bounded sets, then we have H>((Ay)r) = Hy(U). Note that, if U is
balanced, by Propositions 5.3.8 and 5.3.10 every function f € Hy(U) can be extended to a function
fe HOO((Ak) ) where A} = (Uk)” NW or A, = (Uk)” in case E is symmetrically regular.

Also, if V' C F and we have a family of subsets B; C V such that Uj B; =V, we define the
Fréchet algebra

H>((Ap)k, (Bj);) = {f € H(U,V): there exists a subsequence (nj)j such
that f(Ag) C By, for every k}.

If (Ag) and (Bj); form a fundamental system of U-bounded sets and V-bounded sets respectively,
then HOO((Ak)k, (B])j) is simply Hb(U, V)

Proposition 5.4.9. Let E, F' be Banach spaces, V C F, U C E open balanced subsets and suppose
that every polynomial on E is approximable. Let ¢ : Hy(U) — Hyp(V) is a continuous operator.
Then

a) ¢ is multiplicative if and only zf there exists a holomorphzc function g W — Up, with
g € H*((By);, (Ak)x), where Ay = (Uk)P and By, = (Vk)” NW, such that ¢f = fo g for every
fe Hb(U)
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b) if F is symmetrically regular, ¢ is multiplicative if and only if there exists a holomorphic
function g : ‘77'3’ — (77@, g € H®((B;));, (Ap)k), where Ay = (Up)p and By = (Vi) such that
of = fog for every f € Hy(U).

Proof. a) Suppose that ¢ is multiplicative. Let g be the mapping defined by Lemma 5.4.8 a). By
Corollary 5.4.6, the spectrum M;(U) can be identified with (77’5, thus ¢ maps W inside (77@ and, for
f e Hy(U) and v’ € W, we have f(g(y")) = g?)?(y”) by the definition of g.

It remains to prove that g € H*((B;);, (Ax)k). Suppose that for some ny € N, 9(By,) is not

contained in any of the Ay’s. Thus there exist a sequence (2})r = (9(y}))k C 9((Vao ) N W) such
that 2} ¢ (Ug)p. This means there exist polynomials P, € P(E) such that ||Py|ly, < 2% and

k—1
Pu(z})) > k+ Z |Pj(2})|. Then 3" Py converges in Hy(U) to a function f. Thus ¢f € Hy(V), so
j=1

@Jibelongs t~o HOO((Bk)kE and H;b?”(f/no);’,mw < 00. This is a contradiction since H@CH(%O);’,OW >
[0f (i)l = 1 (9(ye))| = |f ()] > k — 1 for every k.

The converse is immediate.
b) The same proof as in a) but using Lemma 5.4.8 b) works. O

We will say that a function is locally w*-continuous at a point z’ of a dual Banach space if
there exists a (norm) neighborhood such that the function restricted to this neighborhood is w*-
continuous. A function is locally w*-continuous on an open set if it is locally w*-continuous at each
point of the set.

Proof. (of Theorem 5.4.7) Suppose that ¢ is an isomorphism. Let g € H>((B;);, (Ax)k) be the
application given by Proposition 5.4.9 a), and let h : (77@ — F” be the holomorphic map ob-
tained in Lemma 5.4.8 b) using the homomorphism ¢! (note that our hypothesis imply that E is
symmetrically regular). Then h o g is the composition

0 ~ 6, _
W S My(V) %% My(U) 5 T8 5 My(U) S My(V) 5 F”.
Since, by Corollary 5.4.6, M,(U) = 5((77@), it follows that h o g = idy. Thus dh(g(0)) o dg(0) =
idpr and therefore F” is isomorphic to a complemented subspace of E” which implies that every
polynomial on F” is approximable and, in particular, that F' is symmetrically regular. Thus we
can use Proposition 5.4.9 b) and define g in VJ and we have ho g = idg,. By Corollary 5.4.6 we

P
have My(V') = 6(Vj), thus g o h = idg, which means that h = g~!. By Proposition 5.4.9 b), g~
P

belongs to HOO((@)%, (f/;)%)
Moreover, for every x € E, x o g = ¢z is locally w*-continuous since it is locally an Aron-

Lis locally w* — w*

Berner extension. Therefore ¢ is locally w*-w* continuous on V. Similarly g~
continuous.

Conversely, suppose that g is as above. Define ¢f = f o gly for f € Hy(U) and ¥h = ho g Yo
for h € Hy(V). Then clearly ¢ : Hy(U) — Hyp(V') and ¢ : Hy(V) — Hy(U) are continuous and

multiplicative. We want to prove that 1 = ¢~!. Let f € Hy(U), then

boof=v(fogly)=Ffoglvogtlu. (5.5)

Note that f o g belongs to ’HOO((B]-) j) and is locally w*-continuous (since every polynomial on E is
approximable, the Aron-Berner extension of f is w*-continuous). Thus for each z € VJ, applying
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[ACGY5, Lemma 2.1] to f o g restricted to a suitable ball implies that W is w*-continuous,

and therefore by [Zal90, Theorem 2| we can conclude that W is in the image of the Aron-

Berner extension and thus f o glv = fog. Then we obtain from (5.5) that o ¢f = f. Similarly,
¢ owh = hfor h € Hy(V).

It remains to prove that £/ and F’ are isomorphic.

Differentiating gog~! at 0 we obtain that E” and F” are isomorphic. Applying [ACG95, Lemma
2.1] to y” — g(y")(2') restricted to a suitable ball, we obtain that the differential of g at any point
is w*-w*-continuous (and analogously for g~1). Therefore, the isomorphism between E” and F” is
the transpose of an isomorphism between F’ and E’. O

If F' is complemented in its bidual (for example, if F' is a dual space) the previous theorem
holds if every polynomial on FE (and not necessarily on E”) is approximable. Indeed we obtain as
in the proof of the theorem that F” is isomorphic to a complemented subspace of E”, and there
we can easily prove that F' is isomorphic to a complemented subspace of E. We can then conclude
the theorem with the same proof.

We also have:

Corollary 5.4.10. Let E, F be Banach spaces, one of them Tsirelson-like; V C F, U C E open
balanced and bounded subsets. Then ¢ : Hy(U) — Hy(V') is a Fréchet algebra isomorphism if and
only if there exists a biholomorphic function g € Hb(‘/}'p,[/jp) such that g~' € Hb((/jp, ‘77:) and the
operator g’be = fogq for every f € Hy(U).

In that case E and F are isomorphic Banach spaces.

The Tsirelson-James space 77} is not reflexive (it is not a Tsirelson-like space) but satisfies the
conditions of Theorem 5.4.7 by [DGMZ04, Lemma 19].

5.5 On the Spectrum of H,(U)

A consequence of Example 5.2.8 is that the canonical extension of a function in Hy(U) is not nec-
essarily of bounded type on the spectrum. The following proposition gives an equivalent condition
for these extensions to be of bounded type (this should be compared to [DV04, Proposition 2.5]):

Proposition 5.5.1. Let U be an open set of a simmetrically reqular Banach space E. Then every
function f € Hy(U) extends to a function f of bounded type on My(U) if and only if given any
My (U)-bounded set B there exists a U-bounded set D such that ¢ < D for all ¢ € B.

Proof. We have a well defined extension morphism

e: Hy(U) — Hy(My(U))

Suppose that f,, — 0 in Hy(U) and that f, — g in Hy(M,(U)). Let ¢ € My(U), then we have that
g(p) = lim fn(go) = lim ¢(f,) = 0. By the Closed Graph Theorem, the map e is continuous. This
means that given a M;(U)-bounded set B there exists a U-bounded set D and a constant ¢ > 0
such that || f||z < ¢||f||p for every function f € Hy(U). In particular, if ¢ € B then |o(f)| < ¢||f|p
for every f € Hy(U). Since ¢ is multiplicative, we conclude that ¢ < D.

For the converse, let B be a M(U)-bounded set and D such that if ¢ € B then ¢ < D. Then

1F(@)l = le(N)] < Ifllp and therefore || f]lz < [Ifllp < co. O
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In [AGGMY6] the following inequality was implicitly shown:
sup {dist(A,U°) : ¢ < A} <distyu)(e). (5.6)

If for some U we have equality or at least a reverse inequality with some constant, then extensions
to My(U) would be of bounded type, as a consequence of the previous proposition. We do not
know of many examples in which extensions to M;,(U) are of bounded type. One such example
is a balanced and bounded open subset U of a Tsirelson-like space. In this case, by Corollary
5.2.12, the extensions to M;(U) are of bounded type. When U = E and finite type polynomials are
dense in P(E), we have that M(E) = E”. Thus the extension to the spectrum is the Aron-Berner
extension, which is of bounded type. Moreover, if E is any symmetrically regular Banach spaces,
it was shown in [Din99, Proposition 6.30] that the extension to the spectrum is of bounded type
on each sheet of the spectrum. We now show that this does not imply that the extension to the
spectrum is of bounded type on the whole Riemann domain.

Proposition 5.5.2. Let E be a symmetrically reqular Banach space such that there exists a con-
tinuous polynomial on E which is not weakly continuous on bounded sets. Then there exists a
homogeneous polynomial whose extension to the spectrum My(E) is not of bounded type.

Proof. We may suppose that P is n-homogeneous whose restriction to a ball is not weakly con-
tinuous at 0. Let (z4)aea be a weakly null bounded net and ¢ > 0 such that |P(z,)| > € for
every a € A. Take a filter base on A, B = {a € A : a > aplasen and let I' be an ultrafilter
such that B C I'. For each k € N, define ¢ (f) = limr f(kz,), for f € Hy(F). Then ¢ is in
My(E). Moreover pr(z') = 0 for every 2/ € E’ and thus 7(¢x) = 0 for every k. This implies that
the set C' = {¢, : k € N} is My(E)-bounded. But, |P(¢i)| = |¢n(P)| = |limp P(kzy)| > k™ and
therefore || P||c = oo, that is, P is not of bounded type on M;(E). O

For the general case, recall that the open set in Example 5.2.8 was neither bounded nor convex,
so one might ask if for the unit ball of a symmetrically regular Banach space things are easier. We
do not know if in this case extensions to the spectrum are of bounded type, but we can answer for
the negative the question on the reverse inequality in (5.6): fixed 1 < p < oo, there cannot be a
constant ¢ > 0 such that sup {dz’st(A, Bl?p) P = A} >c disth(Bep)(gp) for every ¢ € My(By,).

For the following proposition, recall [AGGM96] that, for ¢ € M;(By,), with 1 < p < oo (for
p = 1 we lose the symmetric regularity) and if 0 < r < 1 is such that ¢ < rBy, then for each z € ¢,

with ||z]| < X, we can define

oo
" f(y)
HOED I (y - =) )

n=0 )
It is shown in [AGGM96, Section 2] that ¢*(f) belongs to My(By,). Moreover, the different
mappings of the form z — ¢? give the local section of 7 that defines the analytic structure of
My(By,). In fact, inequality (5.6) is a consequence of this: since ¢?(f) is defined whenever ||z| <
1_£rv we have disth(BL,p)(go) > 1_£r’ which is precisely the distance from rBy, to £, \ By, .

In the sequel, for ¢ € M;,(U) we define S(yp), the sheet of ¢, as the connected component of

M;(U) that contains ¢.
Proposition 5.5.3. If 1 < p < oo, then

sup ydist(A,Bj ) : p < A
inf { . }

: =0.
pEMy(Bey,) dZSth(sz)((p)
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In other words, there is no reverse inequality in (5.6).

Proof. Set U = By,. Let I" be an ultrafilter on N containing all the sets of the form {n,n + 1,n +
2,...} and define ¢; € My(U) by @4(f) = limp f(5), with ¢ > 1.

1
Take z € £, with [|z]| < (1 — ()?)?. Then there is some 7 > 1 and ng € N such that the set
A={sz+ % :neN,n>ng, |s| =r}is U-bounded. By the Cauchy inequality,

d*f e 1
)| < s 5+ 52 <
Therefore,
= 1
o (f kz ‘ meHA

1
We have shown that i € My(U). Hence m(S(¢)) D (1 — (3)?)? By, and dist g,y (pe) >
1
(1- ()5,
N
Ifr<iand AC rBy,, take a natural number m > p and define gy (z) = (tm >k x?) . Then

oi(gn) = 1 for every N € N, but ||gn|la < HQNHTBZP < (tr)N — 0as N — oco. Thus ¢ £ A.
Finally, since clearly ¢; < 1By, we have that sup {dist(4,U°) : ¢, < A} =1—1.

sup {dz’st(A, Bl?p) Do < A}

Therefore lim - = 0 and the result follows. O
t—1+ dzsth(Blp)(got)
1
In the proof of the previous proposition we have shown that 7(S(¢:)) D (1 — (3)?)7 By
p € N, Proposition 5.5.4 below show that we have moreover an equality: 7(S(¢;)) = (1 — (%) ) ’ Bg

This means that for any ¢ € M;(By,) defined as in the Proposition, the sheet of ¢ is an analytic
copy (via ) of a ball centered at 0. It can be seen that for a convex and balanced open subset U
of a symmetrically regular Banach space E, 7(M;(U)) coincides with int(ﬁw*) (see, for example,
[CGMO5, Lemma 20]). The previous example shows that for U the unit ball of £,, some sheets are
projected into proper subsets of int(ﬁw*) = U. Therefore, My(By,) cannot be seen as a union of
disjoint copies of By, as one might have thought from the case U = E, where M;(E) is a disjoint
union of analytic copies of E”.

We now show that if we restrict ourselves to a distinguished part of the spectrum of By, with
p a natural number greater than 1, then the extension of the functions in Hj(By,) is of bounded
type.

Take any block basis (2, )nen in the unit ball of £, with ||z,|| — = € (0,1) and consider, as
usual, an ultrafilter I on N containing all the sets of the form {n,n+1,n+2,...}. Let o € My(By,)
given by,

p(f) = lim f(zn), (5.7)

for f € Hy(By,). Note that, since block bases are weakly null, we have ¢ € 7=1(0).
Let us define the following subdomain of My(By, ):

M (By,) = U S(e)-
 given by (5.7)
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Note that all adherent points of the sequence (8, ) (0 <t < 1) belong to M (By, ), so the number
of connected components of M,? (Bg,) has at least the cardinality of SN. Moreover, it is not clear
that there are morphisms in M(By,) that are not in My (By,) (though to assert such a thing one
should be able to prove of a really strong Corona theorem for Hy(By,)). One might argue that
morphisms in My(By,) can be built with sequences that are not blocks or with nets, but it is
not clear that those cannot have an alternative representation as in (5.7). Anyway, M (By,) is a
relatively large part of Mj(By,), where “relatively” should be understood as “up to our knowledge”.

Note also that if we consider bounded type entire functions on /), then a slight modification of
Proposition 5.5.2 may be used to prove that there exists a homogeneous polynomial whose extension
to the distinguished spectrum of Hy(¢,) is not of bounded type.

Let us first describe the sheet of a homomorphism in M (By, ).

Proposition 5.5.4. Let p be a natural number greater than 1 and let ¢ € My(By,) be given as in
(5.7). Then w(S()) = (1 — %) By,.

Thus, the distinguished spectrum of By, may be thought of as a union of balls of decreasing

radius:

JE— j\]}?(l?gp)

Mb(gp)

Proof. (of Proposition 5.5.4) Take z € £, with |z|| < (1 — rp)%. Since (z,)n is a block sequence
with respect to (ex)g, then, for some ng, A = {z +z, : n € N, n > ng} is U-bounded. Since
©*(f) = limp f(xy + 2), we have ¢ < A and thus ¢* € My(By,). Hence w(S(p)) D (1— (r)p)%ng.
For the reverse inclusion let | z|| > (1 —rp)%. Let (o) C C and (j,,) C N an increasing sequence
such that z,, = izrjlnﬂ el
Then for some 6 > 0, ||z||P + 7P > 1+ ¢ and since ||z,| — 7, there exists M € N such that for
every n > M, ||z]| + ||zn|| > 1+ J and such that

M Jnt1
‘Z|Zk|p+ S+l + ) sz">1+5.
k=1 k=jn+1 k>M

k¢{in+1,....dny1}

N
Let us define fi(z) = (ZZL ekxg) ,where |0 = 1 and 020 = |2P if 1 < k < M, 0 (2 +ap)P =
|z + ai|P for every j, +1 < k < j,41 and n > M, and 0 = 1 otherwise. Then since ||fy||y < 1
for every N, {fn : N € N} is a bounded sequence in Hy(By,) and for every n > M,

M jn+1 N
|fN(Z+-Tn)|:‘Z|Zk|p+ Z o + 2| + Z ZZ‘ > (14 0)".
k=1 k=jn+1 >M

k
k¢{in+1,. . jni1}
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Since fy is a polynomial, ¢*(fn) = Umr fy(z + z,). Therefore |p*(fn)| = Umr |fn(z + z,,)| >
1 1

(1 + 6)N, which implies that ¢* ¢ M;(By,). Thus (1 —rP)» By, C w(S(p)) C (1 —rP)» By, but

since it must be open, we conclude that m(S(¢)) = (1 — rp)%ng. O

The distinguished spectrum M (By,) is an open subset of M;(By, ), since it is the union of some
connected components of Mj(By,). Thus M (By,) is a Riemann domain over £, and every function
[ € Hy(By,) extends to a holomorphic function f on M} (By,). We now show that this extension
is of bounded type.

Proposition 5.5.5. If p be a natural number greater than 1, for any f € Hy(By,), its extension f
to M,?(ng) is of bounded type.

Proof. Let € > 0 and take the M (By,)-bounded set A = {¢ € M (By,) : dist ypo( (Bu,) >¢}. B
1
P

Proposition 5.5.4, A only intersects the sheets such that 7(S(¢)) = (1— Tp)PBg with (1 —rp) > e

Let ¢ € A such that 7(p) = 0, then AN S(p) = {p*: |z|| < (1 — rp)rf — e}. Thus there exists
d > 0 such that [|z]|]P 4+ rP < 1 — ¢ for every ¢* € A.

Let ¢ € A, m(¢) = 0, and let (z,,), and I' be a block sequence and an ultrafilter defining ¢
(that is, ¢(f) = limr f(x,)). Since ||z,|| — 7, ||2]|P + ||zn|P < 1 — 9 if n is big enough. Moreover,
there is ng € N such that ||z + z,||P < 1— 0 for every n > ng since (z, ), is a block sequence. Then
{zn +2: n>ng} is contained in the U-bounded set (1 — 6)%ng and ¢* < (1 — 5)%ng.

Therefore |l = supgea |6 < 171, 3, <o O

P

Note that Proposition 5.5.3 can be restated with the infimum taken for ¢ € Mg(ng), since the
homomorphisms that were used in the proof were defined by constant multiples of the canonical
basis. As a consequence, there is no reverse inequality in (5.6) even if we restrict ourselves to
Mb0 (Be,). Therefore, the absence of such a reverse inequality should not be thought as an imped-
iment for the extensions to the whole spectrum to be of bounded type. This means that, if there
are extensions to M;(By,) that fail to be of bounded type, the proof of this fact will probably not
be based on the absence of this reverse inequality.

Since by Proposition 5.5.4 the connected components of M, bO(ng) are balls, we have the following
corollary (which could also be deduced from the previous proposition):

Corollary 5.5.6. If p be a natural number greater than 1, then M,?(ng) is an Hy-domain of
holomorphy.

We would like to finish with the following questions and comments:

e Are the extension of bounded type functions on By, to the spectrum My(By,) of bounded
type?

e Even more, we don’t know any example of an open set of a Banach space which satisfy that
the extension of bounded type functions to the spectrum is of bounded type, unless finite
type polynomials are dense in all the polynomials.

e Neither can we answer the following question: given a bounded open set U (non-balanced)
are the extensions to the Hy-envelope of bounded type?
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SL,, strongly r-factorable, 13
Pa, approximable, 11
Pk, compact, 11
Py, finite type, 11
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